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Introduction 


Composite  materials  have  fully  established  themselves  as  workable  engineering  materials. 
Early  military  application  during  World  War  II  led  to  large-scale  commercial  and  aerospace  util¬ 
ization.  Today,  industries  such  as  aircraft,  automobiles,  sporting  goods,  electronics,  and  appli¬ 
ances  are  quite  dependent  on  composite  materials.  In  particular,  advance  composite  materials 
for  aerospace,  structural,  power  and  propulsion  application  offer  significant  advantages  in  terms 
of  efficiency  and  cost.  A  widespread  and  efficient  application  of  composite  materials  requires 
detailed  and  reliable  knowledge  of  their  physical  properties  and,  in  turn,  of  their  behavior  under 
applied  loads.  Because  of  potentially  diverse  structural  and  physical  variety  of  reinforced  com¬ 
posites,  it  is  neither  practical  nor  economical  to  rely  solely  on  experimental  determination  of 
their  properties.  Therefore,  similar  to  any  other  branch  of  physical  sciences,  it  is  desirable  to 
develop  a  theory  (or  theories)  so  that  we  can  analyze,  explain,  and  predict  the  behavior  of  com¬ 
posite  materials  under  various  in-use  loading  conditions. 

Generally  speaking,  composite  materials  are  based  on  the  concept  of  compounding  rein¬ 
forcing  elements  and  matrix  materials  such  that  they  form  a  reinforced  composite.  The  mechani¬ 
cal  behavior  of  such  materials  is  termed  mechanics  of  composite  materials.  More  specifically,  a 
composite  material  is  one  in  which  two  or  more  constituents  are  combined  to  produce  a  new 
material  with  mechanical  properties  different  from  those  of  the  individual  constituents.  It  is 
assumed  that  the  constituents  of  a  composite  material  retain  their  individual  chemical  and 
mechanical  integrity  and  characteristics.  A  typical  composite  material  consists  of  a  bounding,  or 
matrix  material  containing  a  second  reinforcing  material  in  the  form  of  continuous  or  discontinu¬ 
ous  filaments  or  laminations.  Major  parameters  involved  in  mechanics  of  composite  materials 
are:  volume  fractions  of  reinforcing  elements  and  matrix,  direction  of  reinforcement,  geometry 
of  reinforcing  elements  and  position  of  reinforcing  elements  relative  to  each  other.  Additional 
variety  stems  from  the  physical  properties  of  the  constituents.  Altogether,  the  variation  of  the 
geometrical  and  physical  parameters  can  lead  to  an  enormous  number  of  possibilities.  It  is, 
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therefore,  desirable  to  have  theories  that  can  describe  the  physical  behavior  of  the  composite  in 
terms  of  the  known  geometrical  layout  of  the  composite  and  the  known  physical  properties  of 
the  consituents. 

An  appropriate  classification  of  the  mechanics  of  composite  materials  may  be  brought 
about  by  the  definition  of  two  areas  of  composite  material  behavior  as  follows: 

a)  Macromechanics:  The  study  of  composite  material  behavior  wherein  the  material  is 
presumed  homogeneous  and  the  effect  of  the  constituent  materials  are  detected  only  as  averaged 
apparent  properties  of  the  composite. 

b)  Micromechanics:  The  study  of  composite  material  behavior  wherein  the  interaction  of 
the  constituent  materials  is  examined  in  detail  as  part  of  the  behavior  of  the  heterogeneous  com¬ 
posite  material. 

The  properties  of  a  lamina  can  be  experimentally  determined  in  the  "as  made"  state  or  can 
be  mathematically  derived  on  the  basis  of  the  properties  of  the  constituent  materials.  That  is,  we 
can  predict  lamina  properties  by  the  procedures  of  micromechanics  and  we  can  measure  lamina 
properties  by  physical  means  and  use  the  properties  in  a  micromechanical  analysis  of  the  struc¬ 
ture.  Knowledge  of  how  to  predict  properties  is  essential  in  constructing  composites  that  have 
certain  apparent  or  macroscopic  properties.  Thus,  micromechanics  is  a  natural  compliment  to 
macromechanics,  and  the  formulation  of  an  adequate  (continuum)  theory  that  could  describe  the 
mechanical  behavior  considering  the  micro-structure  of  of  composite  materials  is  highly  desir¬ 
able  and  of  major  concern  in  material  engineering,  especially  in  relation  to  aerospace  industries, 
due  to  many  advantages  that  composite  materials  offer  in  terms  of  cost,  weight  and  peformance. 

In  the  last  three  decades  several  continuum  theories  have  been  proposed  as  models  of  elas- 
tostatics  or  elastodynamics  of  composite  materials.  In  general  these  theories  may  be  divided  into 
two  major  categories  as  follows; 
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1)  theories  that  do  not  account  for  the  effect  of  microstructure. 

2)  theories  that  consider  the  behavior  of  microstructure  and  try  to  account  for  its  effect  in 
continuum. 

The  so-called  "effective  modulus"  theories  replace  the  actual  composite  by  a  homogeneous,  gen¬ 
erally  anisotropic  medium  whose  material  constants  are  a  geometrically  weighted  average  of  the 
properties  of  the  constituents.  While  yielding  satisfactory  results  for  certain  geometries  under 
static  loads,  such  an  approach  exhibits  serious  deficiencies  for  virtually  all  geometries  when 
applied  to  dynamic  problems  such  as  impact  and  wave  propagation.  Specifically,  effective 
modules  theories  are  incapable  of  reproducing  the  dispersion  and  attenuation  observed  in  com¬ 
posite  materials.  Such  a  behavior  is  a  well  known  phenomena  in  composites  and  is  a  result  of 
the  microstructure  of  the  panicular  composite.  The  dynamic  behavior  of  a  composite  material 
(or  a  continuum  in  general)  is  of  great  importance  when  the  material  is  subjected  to  high-rate 
loads  such  as  the  ones  that  are  generated  by  impact  or  explosive  charges.  We  briefly  elaborate 
on  this  point. 

The  dynamic  response  of  deformable  heterogeneous  materials  may  be  broadly  classified 
into  two  groups  as  follows. 

i)  The  wave  length  of  the  characteristic  response  of  the  material  is  very  long  compared 
with  the  scale  of  the  inhomogeneity.  Then  the  material  response  is  governed  by  the 
effective  properties  of  the  equivalent  homogeneous  medium.  In  this  case  the  struc¬ 
tural  response  and  wave  propagation  are  identical  to  those  of  homogeneous  materials. 

ii)  The  wave  length  of  the  response  is  not  ideally  long  with  respect  to  the  characteristic 
dimension  of  the  inhomogeneity.  In  this  situation  very  complicated  dynamic  effects 
can  occur.  The  interfaces  between  material  phases  cause  wave  reflection  and  refrac¬ 
tion.  This  phenomena  is  due  to  the  existence  of  microstructure  in  the  composite. 
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Considering  (i)  and  (ii)  above,  it  is  clear  that  any  continuum  theory  designed  to  account  for  the 
dynamic  response  of  a  composite  must,  in  some  fashion,  reflect  the  effect  of  microsiructure  in 
the  composite.  In  addition  to  dynamic  response  of  the  composite  laminates  the  issue  of  inter¬ 
laminar  behavior  of  composite  laminates  is  of  great  importance.  This  issue  is  directly  related  to 
delamination  and  edge  effects  in  composites.  In  recent  years,  delamination  has  become  one  of 
the  most  feared  failure  modes  in  laminated  composite  structures.  This  problem  has  also  initiated 
a  great  deal  of  research  in  the  field  of  composite  laminates.  What  began  in  1970  as  somewhat  of 
an  academic  curiosity  turned  into  a  beehive  of  research  activity  in  recent  years.  This  in  turn 
indicates  the  desire  for  having  an  adequate  theory  that  can  account  for  the  effect  of  interlaminar 
stresses. 

A  review  of  the  literature  on  continuum  theories  developed  for  composite  laminates  reveals 
that  most  of  the  theories  that,  in  some  fashion,  account  for  the  effect  of  micro- structure  are  linear 
in  nature.  Consequently,  these  theories  are  not  capable  to  model  the  behavior  of  composite  lam¬ 
inates  undergoing  large  deformation.  Moreover,  all  continuum  theories,  with  the  exception  of 
one,  are  proposed  for  composite  laminates  with  initially  flat  configurations.  Hence,  these 
theories  are  not  appropriate  for  curved  geometries.  In  addition  the  available  continuum  theories 
arc  mainly  developed  to  predict  only  the  dynamic  response  of  the  composite  laminates.  There¬ 
fore,  they  do  not  seem  to  be  adequate  for  problems  involving  static  response  of  the  laminated 
composites  with  specified  boundary  conditions.  Indeed  the  literature  on  the  proposed  continuum 
theories  of  composite  laminates  may  be  divided  into  two  groups.  One  group  is  concerned  with 
the  formulation  of  theories  that  are  adequate  for  dynamic  response  of  composite  laminates  and 
another  group  that  is  involved  with  the  formulation  of  theories  that  are  appropriate  for  intelam- 
inar  response  of  composite  materials.  In  fact,  there  exists  no  theory  that  is  adequate  for  treating 
static  and  dynamic  problems  at  the  same  time. 

Considering  the  above  restrictions  of  existing  theories,  the  specific  objectives  of  this  inves¬ 
tigation  were  to  develop  a  continuum  theory  for  laminated  composite  materials  that  could 


-5- 


account  for  the  effect  of  i)  microstructure,  ii)  nonlinearity,  and  iii)  curved  geometry.  As  will 
become  apparent,  we  have  not  only  met  the  aforementioned  objectives,  but  we  have  also 
achieved  a  complete  theory  which  will  have  a  widespread  use  in  related  industries.  We  would 
like  to  mention  that  we  are  very  encouraged  with  the  results  of  Phase  I  of  the  work;  in  particular, 
we  have  to  state  that  the  theory  presented  here  is  a  coherent  continuum  theory  represented  by  a 
set  of  well-defined  conservation  laws  predicated  on  physical  observations  which  are  physically 
sound  and  mathematically  accurate.  Within  the  context  of  purely  mechanical  theory,  the 
developed  theory  exhibits  the  following  features: 

a)  It  accounts  for  the  effect  of  micro-structure 

b)  It  accounts  for  the  effect  of  geometric  nonlinearity 

c)  It  accounts  for  the  effect  of  material  nonlinearity 

d)  It  accounts  for  the  effect  of  curvature 

e)  It  accounts  for  the  effect  of  interlaminar  stresses 

0  It  has  a  continuum  character 

g)  It  is  applicable  to  both  static  and  dynamic  analysis. 

The  material  presented  here  is  divided  into  six  pans  (Pan  A  through  Pan  F)  which  contain 
37  sections  numbered  consecutively. 

Pan  A  is  concerned  with  some  preliminary  materials  needed  for  subsequent  developments. 
This  pan  contains  section  (2)  through  section  (4).  Section  (2)  discusses  the  coordinate  systems 
and  other  relevant  notations.  Section  (3)  provides  some  general  background  on  spatial  and  sur¬ 
face  base  vectors  and  related  matters  while  section  (4)  presents  the  relevant  results  from  classical 
continuum  mechanics  in  general  curvilinear  coordinates. 

Part  B  contains  an  introductory  account  of  the  theory  of  Cosserat  surfaces.  This  pan 
includes  section  (5)  through  section  (9).  Section  (5)  presents  a  concise  definition  of  a  shell-like 
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body;  section  (6)  deals  with  the  kinematics  of  a  Cosserat  surface  while  rigid  body  motions  is  dis¬ 
cussed  in  section  (7).  The  definition  of  various  stress  resultants  are  given  in  section  (8)  and  the 
basic  field  equations  of  the  Cosserat  surface  are  derived  in  section  (9). 

Part  C  deals  with  the  modeling  of  a  composite  as  a  series  of  Cosserat  surfaces  and  contains 
sections  (10)  through  section  (22).  Section  (10)  introduces  the  coordinate  systems  appropriate  for 
composite  laminate  while  section  (11)  gives  a  precise  definition  of  a  shell-like  micro-structure. 

Sections  (12)  and  (13)  are  concerned  with  the  kinematics  and  rigid  body  motion,  respectively. 

Section  (14)  provides  definitions  of  the  various  quantities  associated  with  micro-structure.  Sec¬ 
tion  (15)  contains  the  basic  field  equations  for  the  micro- structure  while  the  associated  conserva¬ 
tion  laws  are  given  in  section  (16).  Section  (17)  includes  the  derivation  of  the  composite  conser¬ 
vation  laws.  A  summary  of  basic  principles  for  composite  laminates  is  given  in  section  (18). 

Sections  (19),  (20)  and  (21)  contain  some  results  concerning  composite  contact  force,  composite 
contact  couple,  composite  conservation  laws,  and  composite  stress  and  couple  stress  tensors. 

Basic  field  equations  for  composite  laminates  are  derived  in  section  (22). 

Part  D  pertains  to  elastic  composite  laminates  and  includes  sections  (23)  through  (26).  In 
section  (23)  the  nonlinear  constitutive  equations  of  an  elastic  composite  laminate  are  derived 
using  the  direct  approach.  Section  (24)  presents  the  complete  theory  while  section  (25)  consid¬ 
ers  the  question  of  constraints  in  composite  laminates.  Section  (26)  contains  the  three  dimen¬ 
sional  approach  to  the  derivation  of  the  constitutive  relations. 

Part  E  deals  with  the  linearization  of  the  Cosserat  composite  theory.  In  section  (27)  the 
linearized  kinematics  are  derived,  while  the  linearization  of  the  basic  field  equations  and  consti¬ 
tutive  relations  are  performed  in  sections  (28)  and  (29). 

Part  F  contains  the  application  of  the  theory  to  flat  and  cylindrical  laminates  and  also  com¬ 
parisons  with  the  available  theories.  Sections  (30)  and  (31)  provide  some  preliminaries.  Section 
(32)  presents  a  practical  approach  to  the  derivation  of  explicit  constitutive  relations.  Section 
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(33)  deals  with  the  case  of  a  normal  director  while  theories  of  initially  flat  and  initially  cylindri¬ 
cal  composites  are  discussed  in  sections  (34)  and  (35).  Section  (36)  presents  comparisons 
between  the  Cosserat  composite  theory  and  other  available  theories.  Section  (37)  contains  some 
relevant  conclusions  regarding  composite  Cosserat  theory. 

As  mentioned  earlier,  the  results  of  this  phase  of  research  were  very  promising.  In  fact,  at 
this  point,  we  have  at  hand  a  complete  theory  for  mechanics  of  composite  laminates  which  is 
based  on  sound  frame-invariant  conservation  laws  and  in  a  rigorous  mathematical  framework 
without  any  ad  hoc  assumptions.  We  plan  to  continue  this  development  toward  explicit  deriva¬ 
tions  of  field  equations  and  constitutive  laws  for  various  composite  structures  and  reinforcement 
configurations.  Examination  of  delamination  phenomena  and  edge  effects,  which  is  a  natural 
outcome  of  the  present  theory,  is  another  line  of  activity  which  will  be  followed.  For  this  pur¬ 
pose  we  plan  to  simulate  some  recent  experiments  [Pagano,  1989]  by  using  the  Composite  Cos¬ 
serat  Theory  and  compare  the  results  with  experimental  data  and  those  of  available  theories. 

Recent  developments  in  computational  mechanics  [Simo,  J.  C.,  et  al.,  1989,  1990]  have 
proved  that  classical  Cosserat  shell  theory  can  be  cast  into  an  efficient  and  accurate  numerical 
framework  suitable  for  nonlinear  finite  element  analysis.  The  present  composite  Cosserat  theor\’ 
was  developed  based  on  a  systematic  extension  of  classical  Cosserat  shell  theory.  We  plan  to 
extend  the  present  theoretical  developments  to  a  numerical  framework  which  is  based  on 
mathematical  principles  that  their  applicability  has  been  demonstrated  in  the  course  of  previ¬ 
ously  mentioned  research  of  J.  C.  Simo  and  co-workers.  Following  the  numerical  developments, 
various  shell  elements  for  a  wide  range  of  composite  materials  with  different  reinforcing 
configuration  and  multi-constituent  structures,  will  be  designed.  The  details  of  these  activities 
were  presented  in  Phase  II  proposal  for  the  subject  project. 
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Part  A.  Preliminaries 


In  this  part  we  introduce  the  coordinate  systems,  and  the  corresponding  notations  which 
will  be  used  in  the  subsequent  development.  We  also  record  some  relevant  results  from  classical 
three-dimensional  continuum  mechanics.  We  will  not  provide  proofs,  as  they  are  available  else¬ 
where,  and  only  make  reference  to  appropriate  literature  on  the  subject. 

2.  Coordinate  Systems 

Let  the  points  of  a  region  i^in  a  three  dimensional  Euclidean  space  be  referred  to  a  fixed 
right-handed  rectangular  Cartesian  coordinate  system  x*  (i  =  1,2,3)  and  let  r)'  (i  =  1,2,3)  be  a  gen¬ 
eral  canvecud curvilinear  system  defined  by  the  transformation 

x'  =  x‘(Tii,T|2-n3)  (2.1) 

We  assume  the  above  transformation  is  nonsingular  in  !}(ar\d  has  a  unique  inverse 

ri‘  =  q'(x\x2,x^)  (2.2) 

The  existence  of  the  unique  inverse  implies 


det(-^)^0  (2.3) 

dri' 

We  recall  that  a  convected  coordinate  system  is  normally  defined  in  relation  to  a  continuous 
body  and  moves  continuously  with  the  body  throughout  the  motion  of  the  body  from  one 
configuration  to  another ^ 

Throughout  this  w-ork,  all  Latin  indices  (subscripts  or  superscripts)  take  the  values  1,2,3;  all 

Greek  indices  (subscripts  or  superscripts)  take  the  values  1,2  and  the  usual  summation 

'  The  subject  of  convected  coordinate  system  has  been  discussed  in  references  [Oldroyd,  1950] 
and  [Lodge,  1974], 
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convention  is  employed.  We  will  use  a  comma  for  partial  differentiation  with  respect  to  either 
space  or  surface  coordinates  such  as  T]'  or  ti“  and  a  superposed  dot  for  material  time  derivative, 
i.e.,  differentiation  with  respect  to  time  holding  the  material  coordinates,  such  as  n'  or  t]“,  fixed. 
Also,  we  use  a  vertical  bar  ( I )  or  a  double  vertical  bar  ( II )  for  covariant  differentiation  in  2  and 
3  dimensional  spaces,  respectively.  In  the  course  of  derivation  of  various  results  for  the  compo¬ 
site  laminate  we  will  encounter  covariant  differentiation  with  respect  to  a  coordinate  system 
which  corresponds  to  composite  continuum^.  To  denote  this  we  will  use  a  single  boldfaced  vert¬ 
ical  bar  (  I  ).  Also,  for  later  convenience,  often  we  set  ^  and  adopt  the  notation 

Ti*  =  (Ti“,^)  (2.4) 

In  what  follows,  when  there  is  a  possibility  of  confusion,  quantities  which  represent  the  same 
physical/geometrical  concepts  will  be  denoted  by  the  same  symbol  but  with  an  added  asterisk  (*) 
for  classical  three  dimensional  continuum  mechanics  or  an  added  hat  (‘)  for  the  Cosserat  surface 
and  no  addition  for  composite  laminate.  For  example,  the  mass  densities  of  a  body  in  the  con¬ 
texts  of  the  classical  continuum  mechanics,  the  Cosserat  surface  and  the  composite  laminate  will 
be  denoted  by  p*,  p  and  p,  respectively. 


*  As  it  will  become  clear  later,  in  order  to  adequately  represent  the  effect  of  micro-sumeture  in 
a  continuum  composite  laminate,  we  need  to  introduce  an  additional  dimension  (or  coordinate)  in 
the  direction  of  ply  lay-up. 
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3.  General  Background 


Consider  a  three-dimensional  body  %  embedded  in  a  region  i^of  the  Euclidean  3-space, 
and  let  the  particles  (material  points)  of  be  identified  by  a  convected  coordinate  system  (2.2). 
Let  P  denote  the  position  vector,  relative  to  a  fixed  origin,  say  0,  of  a  typical  particle  of  (B  in  a 
reference  configuration.  Then,  we  have 


P  =  P(Ti“,^)  (3.1) 

This,  in  view  of  (2.2)  of  section  (2),  may  also  be  expressed  as  a  function  of  x'.  We  recall  that,  in 
general,  the  numerical  values  of  the  coordinates  associated  with  each  material  point  of  a  contin¬ 
uum  varies  from  one  configuration  to  another.  However,  when  the  particles  of  a  continuum  are 
referred  to  a  convected  coordinate  system,  the  numerical  values  of  the  coordinates  of  a  particle 
remain  the  same  for  all  time.  The  position  vector  of  a  typical  particle  of  ‘B  in  the  deformed 
configuration  at  time  t,  relative  to  the  same  fixed  origin  will  be  denoted  by 


p  =  p(ri“,^,r)  (3.2) 

We  note  that  equation  (3.1)  specifies  the  place  occupied  by  the  material  point  t|‘  in  a  reference 
configuration,  while  the  place  occupied  by  the  same  material  point  T]'  in  the  present  (deformed) 
configuration  is  specified  by  (3.2).  We  assume  that  the  vector  function  p  in  (3.2),  which 
describes  the  motion  of  the  body  B  is  differentiable  with  respect  to  Ti“,  ^  and  t  as  many  times  as 
may  be  required.  We  recall  the  formulae 


gi=-|!^  .  gij  =  gi-gj  ,  g  =  det(gij)  ,  g’^  =  [gi  g2g3]^0  , 


(3.3) 


g‘  =  g'J  gj  .  g‘  •  gJ  =  g‘J  .  g‘  •  gj  =  5‘j 


where  g,  and  g‘  are  the  covariant  and  the  contravariant  base  vectors  at  time  t,  gjj  is  the  metric  ten¬ 
sor,  g‘J  is  its  conjugate,  5'j  is  the  Kronecker  symbol  in  3-dimensional  space,  and  [  ]  denotes 
scalar  triple  product. 
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Formulae  analogous  to  (3.3),  valid  in  a  reference  configuration  are  given  by 


Gi=-^  ’  Gij  =  Gi-Gj  ,  G  =  det(Gij)  ,  G’'^  =  [Gi  G2  G3]  ^  0  , 
Gi  =  GyGj  ,  Gi  Gj  =  Gy  ,  G‘  Gj  =  5ij 


(3.4) 


A  material  surface  in  ®  can  be  defined  by  the  equation  ^  =  4(^1“)-  equations  resulting 
from  (3.1)  and  (3.2)  with  4  =  ^(il“)  represent  the  parametric  forms  of  this  surface  in  the  refer¬ 
ence  and  present  configuration.  In  particular,  with  reference  to  (3.2) 


^  =  ^(r|“)  =  constant  (3.5) 

defines  a  one  parameter  family  of  surfaces  in  space  each  of  which  is  assumed  to  be  smooth  and 
non-intersecting.  Let  the  surface  ^  =  0  in  the  present  (deformed)  configuration  at  time  t  be 
denoted  by  s.  Any  point  of  this  surface  is  specified  by  the  position  vector  r,  relative  to  the  same 
fixed  origin  0  in  the  3-dimensionai  space,  and  we  have 

r  =  r(Ti“,t)  =  p(Ti“  O.t) 

Let  denote  the  base  vectors  along  the  Ti“-curves  on  the  surface  s.  Moreover,  let  83 
be  the  unit  normal  to  s.  We  recall  the  results 

aa=-|j^  =  ga(Tl^,0,t)  ,  (3.7) 

a“  a3  =  0  ,  83  83=1  ,  83  =  8^  ,  [aia2a3]?tO  .  (3.8) 

We  also  recall  the  formulae 


(3.6) 

=  a3(Tl“t) 


aap  =  aa  •  ap  ,  a  =  det(aap)  ,  a“  =  a“Pap  , 


a“  •  aP  =  a«P  ,  a“Ta^  =  5“p  , 


(3.9) 


(3.10) 


fiup  —  bpot  —  Ua  ■  a3_p  —  83  •  a(x,p 
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8aip~bap83  »  33,a ~ >  bopiy— bayip  (3.11) 

where  a^p  is  the  metric  tensor  of  the  surface  and  bap  are  the  coefficients  of  the  second  funda¬ 
mental  form  of  the  surface.  We  recall  that  the  three  equations  given  by  (3.11)  are  the  formulae 
of  Gauss,  Weingarten  and  the  Mainardi-Codazzi,  respectively. 

Considering  expression  (3.6),  we  recall  that  r  is  the  position  vector  of  a  typical  point  of  the 
surface  s,  i.e.,  the  material  surface  ^  =  0  in  the  present  configuration  of  the  body  "B  at  time  t.  Let 
the  corresponding  surface  (i.e.,  ^  =  0)  in  the  reference  configuration  be  denoted  by  S.  Any  point 
of  this  surface  in  the  reference  configuration,  is  specified  by: 

R  =  R(qa)  =  P(i^a  0)  (3.12) 

It  should  be  clear  that  if  the  reference  configuration  of  is  chosen  to  be  the  initial  configuration 
at  time  t  =  0,  then  we  will  have 

R  =  R(Tia)  =  r(Ti«  0)  (3.13) 

Let  Aa  be  the  base  vectors  along  the  coordinate  curves  on  the  surface  5.  Then  by  (3.4)  and 
(3.12)  we  obtain 

Aa='^  =  G„W0)  (3.14) 

and 

Aa  •  A3  =  0  ,  A3  •  A3  =  1  ,  A3  =  A3  ,  [Ai  A2  A3]  ^  0  (3.15) 

where  A3  is  the  unit  normal  to  5.  The  duals  of  the  relations  (3.9)  to  (3.1 1)  are  given  by 

(3.16) 


Aap  =  Aa  •  Ap  ,  A  =  det(Aap)  ,  A“  =  A“PAp  , 
A“  •  AP  =  A«P  ,  A“TrA^  =  5“p 
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Bqp  —  BoP  —  •  A3_p  —  A3  •  Aa,p 

A(jip  =  BapA3  ,  A3_ct  =  “B^aAY  ,  BctpiY=BaYip 


(3.17) 

(3.18) 
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4.  Basic  equations  of  classical  continuum  mechanics  in  general  curvilinear  coordinates 

In  this  section  we  summarize  some  preliminary  results  from  the  three-dimensional  theory 
for  non-polar  media  in  terms  of  general  curvilinear  coordinates. 

We  define  a  body,  designated  by  *,  as  a  set  of  particles  (material  points)^.  We  designate 
the  particles  of  the  body  by  P*  and  assume  that  the  body  is  smooth  and  can  be  put  into 
correspondence  with  a  domain  of  the  three-dimensional  Euclidean  space.  Thus,  by  assumption, 
a  particle  P*  of  the  body  can  be  put  into  a  one-to-one  correspondence  with  the  triples  or  real 
numbers  Pi,P2,P3  in  a  region  of  Euclidean  3-space.  We  assume  the  mapping  from  the  body 
manifold  to  the  domain  of  a  Euclidean  3-space  is  one-to-one,  invertible,  and  differentiable  as 
many  times  as  desired. 

Consider  a  body  *  with  its  panicles  P*  and  let  the  boundary  of  ^B  *  (a  closed  surface)  be 
designated  by  *.  We  define  a  configuration  of  the  body  ®  *  to  be  a  mapping  onto  a  domain  in 
the  three  dimensional  Euclidean  space,  E^  which  assigns  a  position  vector  p*  to  each  panicle 
(material  point)  of  the  body.  Thus,  the  configuration  of  the  body  at  time  t  is  the  region  of 
Euclidean  3-space  which  is  occupied  by  the  particles  of  the  body  at  the  instant  i  of  time 
(-  oo  <  t  <  +  oo).  We  define  a  motion  of  the  body  as  a  time  sequence  of  configurations.  Often  it 
is  convenient  to  select  one  panicular  configuration  and  refer  everything  concerning  the  body  and 
its  motion  to  this  configuration.  In  what  follows  we  shall  identify  the  particle  P*  of  the  body 
with  its  position  vector  in  a  configuration  (e.g.,  present  or  initial). 

Let  T)'  (i  =  1,2,3)  be  a  general  convected  curvilinear  coordinates.  Consider  a  body  ‘B*  and 
let  its  boundary  be  a  closed  surface  and  be  denoted  by  dB  *.  Let 

P*  =  P*(ri\t)  (4.1) 

^  Note  that  from  now  on  when  we  refer  to  a  body  in  the  sense  of  classical  continuum  mechan¬ 
ics,  we  will  denote  it  by  an  added  asterisk  (*).  The  same  will  be  true  for  the  quantities  associated 
with  the  body. 
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denote  the  position  vector  of  a  material  point  in  the  present  configuration  of  the  body  ®  *  at  time 
t.  Then  we  may  write 


and 


8ij  “Si  ’  8j 


(4.2) 


ds^  =  dp*  •  dp*  =  gi*  dti'driJ  (4.3) 

where  (4.2)i,2  and  (4.3)  are  the  covariant  base  vectors,  the  metric  tensor,  and  the  square  of  a  line 
element  in  the  present  configuration  at  time  t,  respectively.  In  the  same  manner  we  denote  the 
position  vector,  the  covariant  base  vectors,  the  metric  tensor  and  the  square  of  a  line  element  in  a 
reference  configuration  as  follows 


P  =  P*(Tii)  (4.4) 

g-=|:,g.;=g-.g;  (4.5) 

dS2  =  dP*-dP*  =  G*dTiidTi’  (4.6) 

We  define  a  strain  measure  through 

ds2-dS2  =  27i*dn'dnJ  (4.7) 

Y,j  =  ’/:(glj-GiI)  (4.8) 


where  Yj*  are  the  covariant  components  of  the  symmetric  strain  tensor.  Moreover,  the  velocity  is 
given  by 


Under  a  superposed  rigid  body  motion,  the  position  vector  p*  will  be  displaced  to  the  posi- 
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tion  given  by 


p*-^  =  p*^(TiSt)  =  Po*^(0  +  Q(t)[p*(Tii,t)  -  po  (t)]  (4. 10) 

where  t'  =  t  +  a'  and  a'  is  an  arbitrary  constant  and  the  second  order  space  tensor  Q  is  a  proper 
orthogonal  tensor  function  of  t  which  satisfies 

Q  =  Q(t)  ,  QQ'r  =  QTQ=I  ,  detQ-1  .  (4.11) 

We  denote  the  counterpart  of  after  superposed  rigid  body  motion  (4.10),  by  YiJ'*'  and  we  recall 
that  under  the  morion  (4.10)  the  strain  yj  remains  unaltered,  i.e.. 


Yij=Y.r.  (4.12) 

It  is  clear  from  (4.8)  that  y*  vanishes  for  a  rigid  deformation,  i.e., 

Yj=0.  (4.13) 

Let  !P*,  bounded  by  a  closed  surface  3!?*,  refer  to  an  arbitrary  part  of  the  body  in  the 
present  configuration.  Then  within  the  scope  of  the  classical  (nonpolar)  continuum  mechanics, 
the  system  of  forces  acting  over  any  part  IP*  of  the  body  !B*  in  motion  consists  of  the  sum  of  the 
two  tN’pes  of  forces,  Fb  and  F*,  as  described  below: 

Let  b*  =  b*(ri',t)  be  a  vector  field,  per  unit  mass  p*,  defined  for  material  points  in  the  region 
of  the  Euclidean  space,  occuped  by  ®  *  at  time  t.  This  vector  field  is  called  the  Body  force.  The 
residtant  Bodyforu  acting  on  the  part  ^P*  in  the  present  configuration  at  time  t  is  defined  by 

Fb  =  Jy.  P*b*di^*  (4.14) 

where  di^*  denotes  the  element  of  volume.  In  addition,  let  the  outward  unit  normal  vector  at  a 
material  point  on  the  boundary  3P*  of  the  part  T*  at  time  t  be  denoted  by  n*  and  be  given  by 

(4.15) 
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Let  t’  =  t*(r|^t;n*)  be  defined  for  the  material  points  on  the  boundary  3!P*  at  time  t.  The  vector 
t*  is  called  the  contact  font  or  the  $tnss  vector  acting  on  the  pan  T*  of  The  residtant  contact 
force  exened  on  the  pan  at  time  t  is  then  defined  by 

(4.16) 

where  da*  is  the  element  of  area  whose  outward  unit  normal  is  n*.  Moreover,  we  assume  the 
existence  of  a  strain  energy  density  e*  =  e*(Ti',t)  per  unit  mass  p*. 

In  terms  of  the  above  definitions  of  the  various  field  quantities,  with  reference  to  the  present 
configuration  and  within  the  context  of  the  classical  (nonpolar)  continuum  mechanics,  the  con¬ 
servation  laws  in  the  purely  mechanical  theory  are  given  by 

(4.17) 

c  :  jy.  P'P*  X  V*  di;*  =  1^.  p*p*  X  b*dt;*  +  p*  x  t*  da* 

where  e*  is  the  specific  internal  energy  per  unit  mass  p*  and  k*  denotes  the  kinetic  energy  per 
unit  mass  p*  and  has  the  form 


K*=y2V*-v*  (4.18) 

Equations  (4.17)a  to  (4.17)d  represent  mathematical  statements  of  conservation  of  mass,  conser¬ 
vation  of  linear  momentum,  conservation  of  moment  of  momentum,  and  conservation  of  energy, 
respectively. 
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Under  suitable  continuity  assumptions,  the  principle  of  linear  momentum  and  that  of 
moment  of  momentum  imply  the  existence  of  a  tensor  field  x*‘j  =  T*'j(Ti*',t)  such  that 


T*‘  n  * 

t*=^=f-inrg; 


(4.19) 


Moreover,  with  the  help  of  (4.19),  the  transport  theorem,  and  the  divergence  theorem,  the  bal¬ 
ance  laws  (4.17)a  and  (4.17)b  can  be  reduced  to  the  Cauchy  equations  of  motion,  i.e.. 


Pi  +  p*  b*  g”'^  =  p'  c*  g-^ 
gi  X  T'  =  0 


(4.20) 


where  c*  is  the  acceleration  vector.  In  (4.19)  and  (4.20)  x*‘j  and  x*’j  are  the  contravariant  and 
mixed  components  of  the  stress  tensor  and  a  comma  denotes  partial  differentiation  with  respect 
to  T|'.  It  can  be  shown  that  the  equations  of  motion  (4.20)  are  equivalent  to 


T*ij|lj+pV'  =  pVi  ,  X*ij  =  t*j'  (4.21) 

where  the  double  vertical  bar  ( I  I )  stands  for  covariant  differentiation  with  respect  to  g;*  and  c*' 
are  the  contravariant  components  of  the  acceleration 


c*  =  (4.22) 

and  where  a  superposed  dot  is  the  material  time  derivative  with  respect  to  t  holding  q’  fixed. 
Moreover,  with  the  use  of  the  divergence  theorem,  i.e.,'* 


or 


f  div  v'dr'*  =  f  v*  •  n*do* 

JT' 

[  v*^iidi^*=[  (v*' ^^)i  •  dt^*  =  f  V*' n*  da* 


(4.23) 


*  See  [Green  and  Zema,  1%81,  page  31. 
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and  the  equations  of  motion,  it  can  be  shown  that  (4.17)d  reduces  to 

pe*  =  t*'j  (4.24) 

For  an  elastic  body  we  make  the  constitutive  assumption  that 

e*  =  e’(Y.I)  (4.25) 

together  with  a  similar  assumption  for  the  stress  tensor  x*'j.  In  (4.25),  the  dependence  of  £*  on 
the  reference  metric  tensor  is  understood,  although  this  is  not  shown  explicitly.  Making  use  of 
(4.24)  and  (4.25),  we  obtain  the  results 


T'J  =  p’ 


ae* 


In  the  last  expression,  the  panial  derivative  is  understood  to  have  the  symmetric  form 


(4.26) 


Before  closing  this  section  we  discuss  basic  jump  conditions  in  the  context  of  three- 
dimensional  classical  continuum  mechanics.  Thus  far,  all  kinematic  and  kinetical  variables 
occurring  in  the  conservation  laws  have  been  assumed  to  be  continuous  throughtout  the  body 
(B*.  Sometimes  we  encounter  circumstances  in  which  some  kinematic/kinetical  variables  are 
discontinuous  across  a  surface  which  moves  through  the  body;  the  surface  is  called  a  surface  of 
discontinuity. 


Suppose  that  at  time  t  an  arbitrary  material  volume  of  the  body  occupies  a  pan  !P*  bounded 
by  a  closed  surface  dT*.  Let  !P*  be  divided  into  two  regions  !P  *,  1P2  (see  figure  1)  separated  by 
a  moving  surface  a(t),  and  let  d(P*\d'P*'  denote  the  ponions  of  the  surface  BT"  which  form 
pans  of  the  boundaries  B^P*  and  BTi  such  that 
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d^*'=d<Pi  nd'p*  .  a!p*"a5’2 
^p•  =  ^p[‘u^^  ,  a?*=afp*'ua2’’"  (4.27) 

aiP|'  =  a!p*'ua(t)  ,  a2^ =afp’"  u  a(t) 

Let  the  velocity  of  the  surface  a(t)  along  its  outward  normal,  when  a  is  regarded  as  part  of 
the  boundary  d(Pi,  be  denoted  by  Up.  Then,  -  is  the  normal  velocity  of  O  when  this  surface  is 
regarded  as  pan  of  the  boundary  of  2^.  Let  \j/  be  any  function  which  takes  different  values  yi 
and  V2  on  either  side  of  o  in  the  regions  (P^  and  2^,  respectively.  We  adapt  the  notation  [  1  to 
indicate  the  difference  of  \|/2  and  \|/i  and  write 

ly]  =  V2  -  Vi  (4-28) 

We  also  adopt  the  notations 

Win  =  Vin-Un  ,  W2n  =  V2n  “  Un  (4.29) 

where  vj^  and  V2„  are  the  velocities  of  the  material  points  in  the  regions  and  2^  along  the 
normal  to  o,  respectively.  In  accordance  with  the  notation  in  (4.28),  we  can  write 

(WnI  =  W2n-Win  (4.30) 

Recall  that  the  transport  theorem  for  a  part  T*  can  be  written  as 

A  0  dz;*  =  (0  -H  0  div  v*)di;’  =  -h  <{)v*  •  n*  do*  (4.31) 

where  in  writing  the  above  the  divergence  theorem  has  been  used.  We  now  proceed  to  obtain 
the  counterpart  of  (4.31)  for  the  region  under  consideration  which  includes  the  surface  o(t).  To 
this  end  we  apply  (4.31)  to  regions  2’j'  and  2*2  for  a  function  p*\|/  as  follows: 
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and 


^  ^  ■  n*da*  +  J^(p»v*  •  n*dfl*  (4.32) 


i:  Jyjp>d^  =  (p»dz^ + Wp»'''  • 

^  +  J32^-(pV)v*  •  n*da*  +  j^(p»v*  •  n'da’  (4.33) 

Adding  both  sides  of  (4.32)  and  (4.33)  we  obtain 

■i  f  (p»di/*  =  f  (p»di/’+f  [p>Wnl  da’  (4.34) 

where  in  obtaining  (4.34)  we  have  also  made  use  of  the  "  .gene?  theorem  and  the  equation  of 
continuity.  Making  use  of  (4.34)  and  wi*^.  reference  to  the  present  configuration,  we  obtain  the 
conservation  laws  for  the  pan  !P*  u  !p2*  in  the  form: 


4  J  p-di--  =  o 


b  :  j  p’v’dr^*  =  f  p*b*dz/’+  [  t’da*  +  [  (t’lda* 


(4.35) 


c  :  f  p*(p*  X  v*)dt'*  =  f  p’(p*  X  v*)di/’ +  f  p*  x  t’da*  +  f  [p’xt’Jda’ 


d  :  f  p’(e’+k’)dzv’ =  f  p’b*  •  v’dr/’ +  f  t’ ■  v’da’ +  f  [t’ ■  v’lda’ 

27(j2^  2Tua^  bTl^hTl 


Application  of  (4.17)a,b,c,d  to  pans  T*  and  Ti  and  subtraction  of  the  results  from  corresponding 
equations  in  (4.35)  yields 
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a  :  [p*Wn*]  =  0 
b  :  [p*v*Wn -t*l  =  0 
c  :  no  new  equation 
d  :  [p*(e*-(-k*)Wn  - 1*  ■  v*]  =  0 
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B.  Introduction  to  theory  of  two-dimensional  directed  continuum,  i.e.,  a  Cos- 
serat  theory 

We  introduce  in  this  section  the  main  concepts  and  ingredients  of  a  theory  of  two- 
dimensional  continuum,  namely,  a  Cosserat  surface.  The  concept  of  oritnud  or  dincud  media 
originated  in  the  work  of  Duhem  in  1893.  The  first  systematic  study  and  development  of 
theories  of  oriented  media  in  one,  two  and  three  dimensions  was  conducted  by  the  brothers 
Eugene  and  Francois  Cosserat  in  1909.  Further  study  on  the  subject  was  carried  out  by  Ericksen 
and  Truesdell  in  1958  who  introduced  the  terminology  of  directors.  A  complete  general  theory  of 
a  Cosserat  surface  with  a  single  director  in  the  context  of  thermomechanics  was  developed  by 
Green,  Naghdi  and  Wainwright  in  1965.  A  thorough  study  of  the  theory  of  directed  surfaces  was 
conducted  by  Naghdi  in  1972  which  in  addition  to  the  basic  theory,  includes  certain  general  con¬ 
siderations  regarding  the  construction  of  nonlinear  constitutive  equations  for  elastic  shells.  An 
account  of  recent  developments  on  one  and  two  dimensional  Cosserat  continuums  with  special 
attention  towards  elastic  rods  and  shells  was  also  given  by  Naghdi  in  1982.  Our  exposition  of 
the  two-dimensional  Cosserat  (directed)  surfaces  in  this  part  will  closely  follow  the  develop¬ 
ments  given  by  [Naghdi,  1972]. 

In  general,  two  different  approaches  may  be  adapted  for  the  construction  of  two- 
dimensional  mechanical  theories  such  as  those  for  shells  or  fluid  sheets.  One  approach  stans 
with  the  3-dimensional  equations  of  classical  continuum  mechanics  and  by  applying  approxima¬ 
tion  procedures  obtains  a  set  of  two-dimensional  field  equations  and  constitutive  equations  for 
the  continuum  under  consideration.  In  the  other  approach  the  continuum  is  modelled  as  a  two- 
dimensional  directed  continuum,  called  a  Cosserat  surface;  and  then  the  field  equations  and  the 
appropriate  constitutive  equations  are  developed.  It  should  be  emphasized  that  in  the  latter 
approach,  namely  the  introduction  of  an  alternative  model  and  formulation  of  the  theory  by  the 
direct  approach,  the  nature  of  the  field  equations  in  the  3-dimensional  theory  is  not  ignored.  In 
fact,  some  of  the  developments  of  the  field  equations  by  the  direct  approach  are  motivated  and 
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aided  by  available  information  obtained  from  the  3-dimensional  theory.  It  can  be  shown  that  the 
two  foregoing  approaches  may  be  put  into  a  one-to-one  correspondence.  As  discussed  in 
[Naghdi  1972,  1982],  most  of  the  difficulties  that  occur  in  the  derivation  from  three-dimensional 
theory  are  related  to  the  construction  of  relevant  constitutive  equ::.’ons.  These  difficulties,  how¬ 
ever,  do  not  occur  in  the  direct  approach  and  in  this  sense  the  direct  approach  offers  a  clear 
advantage  over  the  three-dimensional  one.  The  entire  development  by  the  direct  approach  is 
exact  in  the  sense  that  it  rests  on  2-dimensional  postulates  valid  for  nonlinear  behavior  of  materi¬ 
als.  However,  a  theory  of  this  kind  cannot  be  expected  to  represent  all  the  features  that  could 
only  be  predicted  by  the  relevant  full  3-dimensional  equations. 

As  mentioned  previously  the  ingredients  of  the  two  different  approaches  can  be  put  into  a 
one-to-one  correspondence.  For  the  purpose  of  this  study  we  make  use  of  the  three-dimensional 
approach  as  it  is  more  appropriate  to  our  later  development.  It  is  to  be  emphasized  that  the 
relevant  equations  to  be  obtained  at  the  end  of  this  section  will  be  the  same  whether  we  use  the 
direct  approach  or  the  three-dimensional  approach. 
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5.  Definition  of  a  sheil-like  body 

Consider  a  body  !B  *  in  the  present  configuration  and  let  its  boundary  be  a  closed  surface, 
denoted  by  d'B*,  and  composed  of  three  material  surfaces  as  follows. 

a)  The  material  surfaces 

^i<0<42  (5.1) 

^  =  ^2(T1“) 

with  the  material  surface 

.Jo:  ^  =  0  (5.2) 

lying  entirely  between  them. 

b)  The  material  surface 


si:  f(Ti«)  =  0  (5.3) 

such  that  ^  =  const,  are  closed  smooth  curves  on  the  surface  (5.3). 

The  surfaces  (5.1)i,2  are  called  the  major  surfaces  or  the  Bottom  fau  and  the  top  face,  respec¬ 
tively.  Since  T]'  =  {ti“  are  defined  by  (2.2)  as  convected  (material)  coordinates,  the  material 
surfaces  (5.1)i,2  will  have  the  same  parametric  representation  in  all  configurations.  In  general, 

^1  and  ^2  functions  of  the  surface  coordinates  ti®  but  in  special  cases  they  may  be  constants. 

We  assume  the  surfaces  5o.  ‘tnd  Sj  do  not  intersect  themselves,  and  each  other.  This  implies 
the  condition  (5.1)3  ^tid  g*  ^  0.  The  surface  is  not  necessarily  midway  between  the  bounding 
surfaces  S\  and  si.  However,  in  a  reference  configuration  of  the  body  !B*,  a  surface  correspond¬ 
ing  to  Jo  be  chosen  midway  between  the  surfaces  corresponding  to  S\  and  Si-  Such  a  three 
dimensional  body  (i.e.,  the  body  as  characterized  above)  is  called  a  sfieUif  the  dimension  of 
the  body  along  the  normals  to  the  surface  Jq,  called  the  height,  is  small  in  comparison  to  its  other 
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dimensions.  A  shell  is  said  to  be  tfiin  if  its  thickness  is  much  smaller  than  a  characteristic  length 
of  the  surface  So,  for  example  the  local  minimum  radius  of  curvature  of  Sq-  Figure  (2)  shows  an 
element  of  a  shell  like  body  in  the  present  configuration. 

Let  p*(Ti“,^,t)  and  be  the  mass  densities  of  in  the  deformed  and  reference 

configurations,  respectively.  Then  the  conservation  of  mass  (in  three  dimensions)  implies 

p-  g*i/2  =  P  •  (5.4) 

We  define  the  surface  mass  density  (i.e.,  mass  per  unit  area)  p,  of  Sq  at  time  t  in  the  present 
configuration  by  the  expression 

pa'^=  f  p*g*i/2d^  .  p  =  p(ri“,t)  (5.5) 

where  a  is  det(aa3)  of  the  surface  So  .  Since  the  quantity  p*  g*’^  is  independent  of  time,  it  fol¬ 
lows  that  p  a'^  is  also  independent  of  time,  although  both  p  and  a  =  det(a<i3)  may  depend  on  t. 
The  mass  of  an  arbitrary  part  IP*  of  the  body  (B*  bounded  by  the  surfaces  (5.1)  1.2  and  a  surface 
of  the  form  (5.3)  may  be  expressed 

^P  =  L.P*^^*  =  /-  /-  j?'p*g*’^dq’d7i2df 

^  T|i  nzSi 

=  [.  j.  p*  g*'^d^)  dTiMq2=  [.  f.  pai'^dq'dri^ 

■'ni  ■'t|i  ■'tiz 

=  J^pdrf  (5.6) 

where  ‘P  denotes  an  arbitrary  part  of  the  surface  So  which  corresponds  to  P*  and  Tii  and  ri2 
denote  the  applicable  ranges  of  integration  for  the  coordinates  ri'  and  ri^,  respectively.  Also,  in 
obtaining  (5.6)  we  have  made  use  of  (5.5)  and  the  following  expressions 


(5.7) 


=  (g*  X  g2)  ■  g3  drjj  dq2  d^  =  g*’'^  dq‘  dq^ 
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<\d  =  (ai  X  82)  •  33  dii‘  dTi^  =  2}^  dn*  dri^  (5.8) 

The  relation  of  the  surface  5o  :  q  =  0  to  the  boundary  ^  =  ^1  and  52 ;  ^  =  ^2  can  be 
fixed  by  imposing  the  condition 

j^p-g->'2  5d5  =  jJ|k’^d5  =  0  (5.9) 

where 

k*  =  k*(Ti“4)  =  p*  g*i/2  =  p*  G*m  (5.10) 

We  notice  that  k*  is  independent  of  time.  Once  the  position  of  the  surface  Sq'.  ^  =  0  relative  to 
the  positions  of  the  surfaces  ^  =  4i  and  ^2  :  ^  =  ^2  is  determined  by  (5.10)  in  a  configuration 
(e.g.,  a  reference  configuration)  it  remains  so  determined.  This  completes  our  description  of  a 
sfuU-Uke  body,  namely  a  three  dimensional  body  'B*  bounded  by  the  surfaces  (5.1)i,  (5.1)3  and 

(5.3). 

We  will  refer  to  the  duals  of  the  surfaces  ^o,  -^1.  in  the  reference  configuration  by 
So^S\,Si,  respectively.  We  also  note  that  the  dual  of  (5.5)  in  the  reference  configuration  is 
given  by 

p„‘G-''2di  (5.11) 

■'si 

and 

poAt^  =  pat^  (5.12) 

in  view  of  (5.10). 
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6.  General  kinematical  results  for  shells 

We  begin  our  development  of  the  kinematical  results  by  assuming  that  the  position  vector 
of  a  material  point  in  the  deformed  thin  shell  has  the  form 

p*  =  r(Ti“t)-H^d(Ti“t)  (6.1) 

The  above  is  a  special  assumption  which  is  regarded  to  be  valid  for  thin  shells^. 

The  velocity  vector  v*  of  the  three-dimensional  shell-like  continuum  at  time  t  is  given  by 

V*  =  =  p*(ri“,^,t)  (6.4) 

where  a  superposed  dot  denotes  the  material  time  derivative,  holding  r]'  =  {ti“,^)  fixed.  From 
(6.1)  and  (6.4)  we  obtain 


where 


v*  =  v  -f-  ^  w 


(6.5) 


v  =  f 


w  =  d 


(6.6) 


From  (6.1)  and  (4.2)  we  have 


g<^  =  aa  +  4-|^  ’ 

where  Uq  are  the  base  vectors  of  the  surface  The  base  vectors  gi*(Ti“,^,t)  in  (6.7)  when 
evaluated  on  the  surface  reduce  to: 


^  In  a  more  general  approach,  wc  may  begin  the  kinematical  development  by  assuming  that 
p(Tl“,^,t)  is  an  analytical  function  of  ^  in  the  region  <  ^  <  ^2  ^nd  can  be  represented  as  (see 
[Naghdi,  1975,  section  7]) 

p*  =  r(Tl«.t)  +  dN(e“  t) 

This  generality  is  not  needed  for  our  present  purposes  and  we  therefore  adhere  to  the  assumption 
(6.1). 
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&;(Timt)=aaWt) 

g3W0.t)  =  d(TlY,t) 

where  g  *  satisfy  the  condition 


(6.8) 


[grg2g3l^0  (6.9) 

This  restriction  holds  at  all  times  and  for  all  values  of  T)'  =  In  particular,  it  is  valid  for  ^ 

=  0  so  that  by  (6.9)  we  also  have 


[aia2d]7t0  (6.10) 

This  condition  implies  that  the  director  d  cannot  be  tangent  to  the  surface  50- 

Let  V  be  some  three-dimensional  vector  field  defined  on  5o.  ^d  let  v‘,  v;  be  the  covariant 
and  contravariant  components  of  v  referred  to  the  base  vectors  aj  =  {aa,a3}  or  a‘.  We  then  have 

V  =  v'ai  =  v“aa  +  v3a3  =  vja'  =  v^a”  -f  V3a^  (6.11) 

Recalling  the  expressions  for  the  gradient  of  v,  we  have 

v.a  =  V|a  =  Viaa'  =  viaa, 

Via  =  a.  •  v.a  .  v>a  =  a'  •  V.q 

(6.12) 

VXa  “  vx.i(x  —  bo[XV3  ,  V3a  =  V3_q -f  baV^ 

V^a  =  v^la-bV3  .  v^a  =  v3  a  +  bxaV^ 

where  a  venical  bar  (  I  )  stands  for  covariant  derivative  with  respect  to  aap.  The  lowering  and 
raising  of  indices  of  the  tensor  functions  such  as  v'  in  (6.1 1)  and  in  (6.12)  is  accomplished  by 
using  a  space  metric  tensor  defined  by 


(6.13) 


g<^p(Tl“,0,t)  =  aap  ,  gi)(ri“,0.t)  =  0  ,  g3*3  =  1 
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Considering  (6.1)  and  (6.7)  and  making  use  of  the  general  formulae  (6.11)  and  (6.12),  we 

write 


d  =  dia‘  =  d‘ai  ,  d“  =  a“Pdp  ,  d3  =  d3 

=  di  I  aa‘  =  Xiaa' 

b)  ^Pa  =  dpia  —  bpoid3  ,  ^3a  =  d3_a -t- b^adp 

c)  ).Tra=aTPXp„  ,  X^a  =  ha 
We  also  introduce  the  notations 

a)  d  •  d  =  d^dp  +  o  ,  o  =  (ds)^ 

b)  d  •  d.a  =  dPXpa  +  Oa  .  =  d^X3a 

c)  d,a  ■  d,p  =  'kfahfi  +  Oap  ,  Oap  = 

We  may  now  write 

=  aap  +  ^(^pa  +  ^p)  +  ^^(^TaX.yP  +  Oap) 

b)  g«i5  =  aa-d-t-4d- -|^=da  +  ^(d%x  +  «Ja) 

c)  g3*3  =  d  •  d  =  dTfdy+o 

The  duals  of  (6.14)  to  (6.17)  in  the  reference  configuration  are  given  by 

D  =  DiA'  =  DiA,  ,  D«=A“PDp  .  =  D3 


(6.14) 


(6.15) 


(6.16) 


(6.17) 


(6.18) 
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a)  -^  =  DiiaAi  =  AiaAi 


b)  Apa-Dpia  BpaD3  ,  A3a  —  D3 ^ -i- 


(6.19) 


c)  Ai  =  ATfPApa  ,  A4  =  A3a 


a)  D-D  =  DPDp-»-I  ,  I  =  (D3)2 


b)  D-D„  =  DPXpa  +  Ia  ,  Ia=CPl3 


(6.20) 


c)  D  a  •  D  p  -  A-^A.^  +  Iqp  ,  I^p  =  A3otA3 


-  Aap  +  ^(Apa  +  Aap)  +  ^2(A.)iA.^  +  Xap) 


b)  =  Aa  •  D  =  Da  -h  ^(DTTA^  la) 


(6.21) 


c)  G3*3  =  D  - D  =  DTD.f-i-I 

where  A;  =  {Aa,A3)  are  the  base  vectors  and  the  unit  normal  of  the  surface  So  -  ^  =  0  in  the 
reference  configuration. 

Recalling  the  expression  for  the  strain  7;*,  i.e.. 


Yij  =  '/2(gi*-g;-Gi-Gj)  =  '/^!(gi*-Gip 


(6.22) 


with  the  help  of  (6.14)  to  (6.21)  we  can  readily  record  the  components  of  the  strain  y,*  as  follows: 


2Yap  -  2eap  +  4(Kpa  +  <ap)  +  +  Sap] 


2yi  =  Ya  +  ^[(d>V-(D^V)  +  Sa]  (6.23) 

2y3’3  =  (dTfdy-  DyOy)  +  S 

where  in  obtaining  (6.23)  we  have  introduced  the  relative  kinematic  variables  eap,  Kja  and  Yi  as 
follows 


^(aap  Aap)  »  Kja  —  Xja  Aja  ,  Yi  ~  dj  Dj  (6.24) 

We  have  also  made  use  of  the  following  expressions  and  definitions: 

d-d-D-D  =  (dYd^-DYDY)  +  S  .  S  =  (ds)^  -  (Da)^ 
d  •  d.a  -  D  •  D.a  =  (dU^  -  +  Sa  .  Sa  =  d^X^a  "  D3A3a  (6.25) 

d,a  ■  d,p  -  D,a  ■  D,p  =  (X'l'a^  -  A^aA-yp)  +  Sap  ,  Sap  =  ^  a^Sp  “  A^aAsp 

Before  closing  this  section  we  make  a  remark  that  the  kinematic  variables  (6.24)  represent  meas¬ 
ures  of  surface  strains,  bending  and  rotation  of  normal  to  the  surface,  i.e., 

eap  is  called  stretch  and  is  a  measure  of  strain 

Kja  is  a  measure  of  bending 

Yi  is  a  measure  of  rotation  of  the  normal. 


7.  Superposed  rigid  body  motion 


We  recall  that  when  the  motion  of  *  differs  from  the  given  motion  by  a  rigid  motion,  the 
position  vector  p*"^  has  the  form 

P*^  =  p’*(Tl\t')  =  po’^(t')  +  Q(t)[p*(Tii,t)  -  Po*(t)]  (7.1) 

where  Q(t)  is  a  proper  orthogonal  tensor  function  of  time.  Also,  under  superposed  rigid  body 
motion,  the  position  vector  r  of  the  surface  of  (B  is  displaced  to 

r^  =  r(Ti“,t')  =  ro^(t')  +  Q(t)[r(Ti“,t)  -  ro(t)]  (7.2) 

From  (7.1)  and  (7.2)  we  obtain 

p+_r+  =  ^d'"  (7.3) 

or 


^  d"  =  (Po"(t')  +  Q(t)[p(TT,t)  -  Po(t)])  -  {r;{i')  +  Q(t)[r(n“  t)  -  (r^d)] } 


Hence, 


=  {Po(O-roV)} +Q(t){p(ri‘,t)-r(Ti«,t))  -Q(t){po(t)  -  rod)) 


d^(Tl“,t)  =  Q(t)d(Ti“,i)  (7.4) 

where  in  obtaining  (7.4)  we  have  made  use  of  the  fact  that 

p(Tl',t)-r(Ti«,t)  =  ^d(Ti«,t)  (7.5) 

and 

Po"(t')-ro"(0  =  Q(t){Po(t)-ro(t))  .  (7.6) 


Considering  (7.4)  and  the  fact  that  Q(t)  is  a  proper  onhogonal  tensor  function,  i.e., 
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we  may  write 


qtq  =  q-iq  =  i 


d+d+  =  QdQd  =  QT'Qdd  =  dd 
In  obtaining  (7.8)  we  have  used  the  relation 


(7.7) 


(7.8) 


U-QV  =  QTU-V  (7.9) 

for  any  two  vectors  U  and  V.  It  is  clear  from  (7.8)  that  the  magnitude  of  d(Ti“,t)  under  super¬ 
posed  rigid  body  motions  remains  unchanged.  In  the  contemporary  literature,  any  three  dimen¬ 
sional  vector  field  which  transforms  according  to  transformation  (7.4)  and  possesses  the  property 
(7.8)  under  superposed  rigid  body  motions  is  called  a  director. 
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8.  Stress  resultants,  stress-couples  and  other  related  definitions 

Preliminary  to  our  derivation  of  equations  of  motion  for  a  shell-like  body,  we  need  to 
define  appropriate  stress-resultants,  stress-couples  and  resultant  body  forces.  This  will  be 
accomplished  in  this  section. 

Consider  a  shell-like  body  (B*  bounded  by  a  closed  surface  9(B*,  as  specified  in  section  5. 
which  consists  of  the  material  surfaces 


•^1  ^  = 

^i<0<^2  (8.1) 

•^2:  ^  =  t2(n“) 

and  a  lateral  material  surface  of  the  form 


^/  =  f(Tl«)  =  0  (8.2) 

We  recall  that  the  relation  of  the  material  surface  Jq  •  ^  =  0  to  the  bounding  surfaces  (8.1)].2  is 
fixed  by  the  condition 


where 


(8.3) 


k*  =  k*(Ti«,^)  =  p*  =  p;  (8.4) 

Consider  an  arbitrary  region  of  a  material  surface  5o  •  ^  =  0  io  the  present  configuration, 
denoted  by  !P,  and  let  aT  be  the  boundary  curve  of  T.  Also,  let  !P*,  with  boundary  9!?*,  refer  to 
an  arbitrary  pan  of  the  shell-like  body  (B  *  in  the  present  configuration  such  that: 
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a)  !P  contains  T. 

b)  9!P*  consists  of  portions  of  the  surfaces  (8.1)i,2  and  a  surface  of  the  form  (8.2)  at  time 
t. 

A 

c)  3(P*  coincides  with  d'Pon  the  surface  ^  =  0- 

Moreover,  let  dUf  refer  to  the  part  of  3(P*  specified  by  a  lateral  surface  of  the  form  (8.2)  such 
that 

a^f  =  d'P*  =  d‘P  on  So-^  =  0  (8.5) 

Let  the  boundary  dT  of  (P  in  the  present  configuration  be  denoted  by  a  closed  curve  c  and 
defined  by  the  position  vector  r  in  3!?.  Let 


Ti“  =  Ti«(s)  (8.6) 

be  the  parametric  equations  of  the  curve  c,  with  s  as  the  arc  parameter.  Further,  let  X  and  v 
denote  the  unit  tangent  vector  and  the  outward  unit  normal  to  c  lying  in  the  surface  5o  ■  ^  =  0- 
Then  we  have 


ds  ds 


V  =  X  X  33  =  V“  ao  =  Vq  a“  =  £“b 


X  =  33  X  V  =  33  X  Vaa“  =  E“^aap 

where  £ap,  are  the  £-symbols  in  two-dimensional  space; 


(8.7) 

(8.8) 
(8.9) 
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EaP  =  Caps  =  Cap  ,  £“^  =  £“^3  =  a->.4 
611=622  =  0  ,  e^^=  6^2  =  0 
612  =  -621  =  1  ,  6*2  = -621  =  1 
W6  also  recall  that  th6  6l6ments  of  area  on  the  surfaces 


^1  =  ^  =  ^i(Tl“)  =  constant 
S2  =  ^  =  ^2('n“)  =  constant 

are  given  byi 


(8.10) 


(8.11) 


da  =  (g*g’33)'/^dr|i  dTi2  for  ^1,  ^2  constants  (8.11) 

Moreover,  the  element  of  area  on  the  lateral  surface  9!?^  is 

n*dfl=  g*'^  dri^ 

=*  da=(n''idT]2  -  n'^driilg*'-^  d^  (8.12) 

n2da=-g*''^dTiid^ 

where  n;  are  the  components  of  the  outward  unit  normal  to  the  surface  n  =  n*‘g*‘  =  n*‘g*. 

Let  N  =  N(ri“,t;v)  and  M  =  M(Ti“,t;v),  represent,  respectively,  the  resultant  foToP-  and  resul¬ 
tant  couple^  vectors,  each  per  unit  length  of  a  curve  c  in  the  present  configuration.  We  define 
these  resultants  as  follows 


[  .  M  ds  =  [  t*  t  da 
JdT  J^'p’  ^ 


dp; 


(8.13) 


The  integration  on  the  right-hand  sides  of  (8.13)i2  is  over  the  surface  [  .  The  conditions 

bt; 


1  See  Appendix  1  for  details. 

2  To  emphasize  the  dependence  of  N,M  on  v  we  write  N(v)  and  M(v),  in  place 
of  N  and  M  whenever  it  is  appropriate. 
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(7.13)i.2  stipulate  that  the  action  of  N  and  M  on  a  portion  of  a  curve  c  is  tquipotant  (i.e., 
equivalent  in  effectiveness)  to  the  action  of  the  stress  vector  t*  upon  a  corresponding  portion  of 
the  normal  surface  f  ,  which  coincides  with  ^^Pon  the  surface  :  ^  =  0.  We  also  define  addi- 

■'dJ’n 

tional  resultants 


and 


M“  a’^  = 


(8.14) 


ma’'^=rr3  d^ 

•^SI 


(8.15) 


Recall  the  relations  between  the  stress  vector  t*,  the  stress  tensor  and  the  vector  T*'  in 
classical  continuum  mechanics: 


f  =  ^  =  f 'j  „  •  g;  ,  T-i = g-'s  t-i)  g-  =  g-«  t;-  g-j 

O 


(8.16) 


where  n  =  n*'  g*  is  the  outward  unit  normal  to  the  surface  on  which  t*  acts.  Considering  (8.13), 
and  making  use  of  (8.16),  we  obtain 


f  ,  N  ds  =  f  t*  da  =  [  T*'  n  *da 


Jdp; 


dP: 


=  1  .f  (T-'dn2-r2dii‘)d^ 


=  {  .  a'/nN'dq2  -  N^dt)’)  =  [  .  N^v^ds 


hi 


(8.17) 


A 

Since  (8.17)  is  valid  for  any  arbitrary  part  IP  with  closed  boundary  ^^P,  it  follows  that 


N  =  N«v„ 


(8.18) 


In  a  similar  manner,  from  (8. 1 3)2  we  can  obtain 


BASE 


-39- 


M  =  M“Va  (8.19) 

With  the  help  of  (8.18)  and  (8.19)  we  can  obtain  results  analogous  to  those  of  classical  contin¬ 
uum  mechanics,  namely 


N(v)  =  -N(-v)  ,  M(v)  =  -M(-v)  (8.20) 

According  to  expressions  (8.20)  the  resultant  force  and  the  resultant  couple  both  per  unit  length 
of  c,  acting  on  the  opposite  sides  of  the  same  curve  at  a  given  point  are  equal  in  magnitude  and 
opposite  in  direction. 

Next  we  define  two-dimensional  body  forces  as  follows: 

p  f  a«  =  J7'  p-  b-  g-«  +  [T-  +  [T-  g"'‘(g-35)«l;  =  5,  (8.2 1 ) 

^  i  a«  =  ^  p-  b-  g-»  +  [T-  (g‘g'»)'*4l4. 5,  +  [T-  (g'g'33)«41= .  =,  (8.22) 

where  T*  is  the  prescribed  value  of  t*  on  the  boundary  *  of  *.  In  the  above  expressions  f* 
represents  the  prescribed  surface  loads  on  the  surfaces  Si  :  ^  =  and  S2:^  =  ^2-  Making  use  of 
(8.16),  we  may  reduce  (8.21)  and  (8.22)  to 


p-  b*  g“^d^  +  [1*3^  =  p*  b*  g*’^d^  -  [T*3].^, 


(8.23) 


p  i  a-'^  =  p*  b*  g*-/^^dq  +  [T*3^|  =  it  P*  (8.24) 


It  is  to  be  remembered  that  in  obtaining  the  above  formulae  we  have  assumed  ^1,^2  in 
^  =  ^i(Tl“)-  ^  =  ^2(^“)  to  be  constants.  Also,  in  obtaining  (8.23)  and  (8.24)  we  have  used 
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n*  =  (g*^^)"''^l0,0,-g*2]  on  the  surface  ;  ^  =  ^i(ti“) 

n*  =  (g*^^)"''^[0,0,-fg*^]  on  the  surface  Si  •.%■=■  ^2('n“) 
for  the  outward  unit  normals  to  the  surfaces  and  S2. 


(8.25) 
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9.  Basic  field  equations  for  a  shelMike  body 

In  this  section  we  derive  basic  field  equations  of  motion  for  a  shell-like  body.  To  this  end 
we  make  use  of  the  various  resultants  defined  in  section  8  and  the  three-dimensional  equations  of 
motion  in  classical  continuum  mechanics,  namely 

r>..-Hp*b*g*‘'^=p*v*g*’'^  (9.1) 

and 

g  *  X  !•■  =  0  (9.2) 

where 

r  =  g--’^r'nr .  r>  =  g*‘^T-ijg;  (9.3) 

The  derivation  is  effected  by 

i)  integration  of  each  term  in  (9. 1 )  and  (9.2)  with  respect  to  and 

ii  )  integration,  after  multiplication  by  of  each  term  in  (9.1)  and  (9.2)  with  respect  to  q. 

Consider  equation  (9.1)  and  integrate  both  sides  of  the  equation  with  respect  to  ^  between 
qi  and  o  to  obtain 


r  T-i,  p-  b-  g-«  d?  =  f  p-  V-  g-«  d5 

•'si  ■^si 


(9,4) 
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We  now  consider  each  term  in  (9.4)  separately.  Thus,  we  write 


r-,i  ^  T-“.a  d4  +  T-Sj  d4  =  Ij^  T-»  d51.„  +  |T-5] 


=  (N«a«),<.+  [T-3l 


Also, 


t  p*b*g’Wd^  =  pfa’^-[r3] 

‘'^i  s-si 


C  pv*  g*'"^  =  f  p*  g*''^(v  -I-  ^w)d^  =  p  a'/'  V 

"'si  •'Sl 


where  in  obtaining  the  last  result  we  have  made  use  of 


p*g*’^  =  k*  ,  pa’^=(J'k*d^  ,  f  k-^d^  =  0 

^si  ■'Sl 


V*  =  V  4-  ^  W 

with  V  and  w  as  functions  of  T]'  and  ri^  only.  Introducing  (9.5)  to  (9.7)  in  (9.4),  we  obtain 


(N“  a''^),a  -I-  p  f  a'"^  =  p  V  a'"^ 


(9.10) 


Recalling  the  tensor  identity 


(N“  a’/0.a=a’'^N“ia 


(9.11) 


we  can  reduce  (9.10)  to 


N“la+pf=p  V 


(9.12) 
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Next,  we  multiply  (9.1)  by  ^  and  then  integrate  with  respect  to  i.e., 

T-i.,  5  +  jj'  p-  b-  g-«  I  d?  =  jJ’  p-  g-n  <i5 

Considering  each  term  in  (9.13),  we  write 

T\i  4  d4  =  r«  „  ^  d5  +  /J'  T-3p 

=  [  f  T'"  5  d^  1,„  +  jf  ((T-)  5),3  -  T-’ld^ 

■'si 

=  (M“a‘/^).„  +  [^r3] 

=  (M“a‘/%-h(^r3] 

S=Sl 

Also, 


(9.13) 


(9.14) 


£ 


-  ^=^2 

,  p-b-g-'Hd4  =  pla''‘-[^r5l 

SI  S=Sl 


(9.15) 


and 


r  p*g*'^v*  ^  d^  =  k*(^v  -t-  £2  w)ci^  =  p  y2  w  a''^ 

^Si  ^SJ 


where  we  have  made  use  of  (9.8)3  2nd  defined  the  coefficient  y“  as  follows' 


(9.16) 


p  yct  a’-^  =  f  k*  dq  (a  =1,2) 
■'si 


(9.17) 


We  notice  that  the  coefficients  y“  are  independent  of  time  but  they  may  be  functions  of  coordi- 


’  Although  in  this  section  we  do  not  need  to  define  y'  and  y^  (since  y'  =  0  by 
(9.8)3),  for  ^2ter  use  and  convenience  it  is  preferable  to  adhere  to  the  definition 
(9.17). 
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nates  Ti'  =  Introducing  (9.14)  to  (9.16)  into  (9.13),  we  obtain 


(M“  a‘'^),a  -  m  a'^  +  p  I  a"'^  =  p  y2  w  a''^ 
Again,  by  making  use  of  the  tensor  identity 


(M“  a'^).a  =  a'^M“,a 


we  can  reduce  (9.18)  to 


M“ia  -  m  +  p  1  =  p  y2  w 


Next,  we  consider  (9.2)  and  integrate  it  with  respect  to  ^  between  and  ^2  to  obtain 


r‘  (g-  X  r')d4  =  0 


Recalling  that 


=  aa  +  ^  d.a  ,  g3  =  d 


we  can  rewrite  (9.21)  as  follows 


f  (g*  T*‘)d4  =  C  [(aa  +  ^d a)  X  T*“  +  d  X  T*3]d4 

■'si  ■'si 

=  fh(a„  +  ^  d,  J  X  T*“]d^  +  f  d  X  T*3 
■'si  SI 

=  aa  X T*“d^  -f-  d,a  X  jj'  T“  ^  d^  +  d  X  jJ'  T*^  d^ 

=  aa  X  (N“  a’'^)  +  d_a  x  (M“  a''^)  +  d  x  (m  a’'^)  =  0 

Since  a  0,  we  obtain 


Ba  X  N“  +  d  X  m  +  d,a  X 


M“  =  0 


(9.18) 


(9.19) 


(9.20) 


(9.21) 


(9.22) 


(9.23) 


(9.24) 

A  S  E 


-45- 


We  now  proceed  to  obtain  the  equation  of  balance  and  energy.  To  this  end  and  within  the 
scope  of  the  classical  continuum  mechanics,  we  recall  the  principle  of  balance  of  energy  in 
purely  mechanical  theory,  i.e.. 

Jar-  <'“■  +  Jr-  P'  i  Jr-  P’  V  ■  v‘  p-  e’  dz/-  (9.25) 

where  E*  =  £*(Tl',t)  is  the  specific  internal  energy.  By  making  use  of  the  transport  theorem  and 
the  divergence  theorem  we  can  reduce  (9.25)  to 


Jjy.  T-i  n ,•  ■  V-  da-  +  p-  b-  ■  V-  dv-  =  p-  V-  ■  V-  dtT  +  p’ t’  dzJ- 


!P- 


or 


or 


or 


(9.26) 


v*)iidr^*  -hJ  pV-v‘dr/’  =  j  p*  ■  y*  dv  +  j  p’  E*  dr;’ 


Jj,.  •  v*),i  dr;*  -t-  p’  b*  •  v*  dr;*  =  p*  (v*  •  v*  +  E’)dr;* 


(9.27) 


I  .{  ^'/2  (T*' •  v*)_j -i- p’ b*  •  V*  -  p*(v*  •  V*  4- £'))dr;* 


where  in  obtaining  (9.27)  we  have  also  made  use  of  the  tensor  identity 


(g*''^V*).i  =  g*''^V|  li 

Since  (9.27)  must  hold  for  any  aribtran’  part  JP*  of  the  body  ‘S  *,  we  obtain 


g*-'/4(T*i .  V*) ,  +  p*  b*  •  V*  -  p*(v*  •  V*  E*)  =  0 
This  equation,  with  the  help  of  equation  of  motion  (9.1),  may  be  reduced  funher 


(9.28) 


(9.29) 


or 


or 


g  ^T,i'-v  +g  '^“T'-Vj  +  p  b  v  -  p  v  v  =p  E 


T,V  p-  b-  ■  V-  -  p-  (•)  ■  V-  +  g--«T-'  ■  V-  =  p-  £- 
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p*  E*  =  T->  ■  v.t 

or 

pY‘^e*  =  ri- V,-  (9.30) 

Integrating  both  sides  of  (9.30)  with  respect  to  ^  between  and  ^2  we  obtain 

C  p*  g*'-^  e*  d^  =  f  T*‘  •  V  *  d^  =  f  T*'  •  (V  H-  ^  w).i  d^ 

•^si  •'si  ^^1 

=  T'i  ■  Vj  ^  T'i  W).I  d4 

=  f  T-“  ■  v,„  d^  +  r‘  T-»  ■  (^w).„  d^  +  t  T-3  •  (4w).3  dq 

<;i  •'bl  "^Sl 

=  v.a  •  f  T*“  dq  -1-  w.a  •  f  T*“  ^  d^  -t-  w  -  f  T’3  d^ 

■'si  ■^si 

=  a'-^  N“  •  v,a  -i-  a’'^  M“  •  w_o  +  a’'^  m  •  w  (9.3 1) 

We  now  define  a  two-dimensional  (surface)  specific  internal  energy  E  by  the  condition 

a'^^  p  E  =  p*  £*  d^  (9.32) 

•^4i 

Hence.  (9.31)  can  be  reduced  to 

p  £  =  N“  •  v_a  +  M“  •  w_a  +  m  •  w  =  P  (9.33) 

where 

P  =  N“  •  v_a  +  M“  •  w_a  -I-  m  •  w  (9.34) 

is  the  mechanical  power. 
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C.  Modeling  of  a  composite  laminate  as  a  series  of  Cosserat  (directed)  sur¬ 
faces 

To  begin  with,  the  continuum  itself  is  a  model  representing  an  idealized  body  in  some 
sense.  We  may  recall  that  the  continuum  model  (in  classical  mechanics)  is  intended  to  represent 
phenomena  in  nature  which  appear  at  a  scale  larger  than  the  interatomic  distances.  From  such 
intuitive  notions  the  well  defined  classical  field  theories  of  mechanics  have  been  constructed  and 
the  "macroscopic"  behavior  of  the  general  medium  in  question  has  been  successfully  studied.  In 
the  context  of  classical  continuum  mechanics  a  body  is  thought  of  as  a  set  of  particles  (material 
points),  say  x.  Each  material  point  has  a  distinct  identity  and  occupies  at  each  instant  of  time  t 
an  exclusive  place  in  a  Euclidean  three-dimensional  space,  so  that  one  can  identfy  each  material 
point  X  with  its  place  (i.e.,  the  position  vector  from  a  fixed  reference  point)  in  the  space.  It  is 
implied  that  no  more  interesting  information  would  be  perceived  by  a  finer  observation  of 
material  points.  Hence,  microscopic  details,  if  any,  are  discarded. 

For  a  large  class  of  bodies,  these  preconceptions  are  justified,  but  there  are  also  cases  when 
a  closer  look  at  a  material  point  reveals  some  microscopic  order  and  that  at  least  partial  informa¬ 
tion  of  interest  could  be  extracted  by  considering  the  effect  of  the  microscopic  order.  It  is  there¬ 
fore  desirable  to  construct  continuum  theories  that  in  some  fashion  incorporate  the  effect  of  the 
microstructure  while  enjoying,  if  possible,  to  some  extent  the  level  of  generality  available  in  the 
classical  continuum  mechanics.  There  are  different  types  of  materials  that  exhibit  microstruc- 
tural  behavior.  One  class  of  such  materials  is  composites,  i.e.,  bodies  in  which  two  or  more  sub¬ 
stances  are  combined  in  a  specific  geometrical  fashion  to  produce  a  new  material  with  mechani¬ 
cal  properties  different  from  those  of  the  individual  constituents.  Roughly  speaking,  a  contin¬ 
uum  with  microstructure  is  a  continuum  whose  propenies  and  behavior  are  affected  by  the  local 
deformations  of  the  material  points  in  any  of  its  volume  elements. 

The  practical  analysis  of  the  mechanical  response  of  composite  bodies  involves  analytical 
snidies  on  two  levels  of  abstraction.  TTiese  areas  of  investigation  are  known  as  micromechanics 
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and  macromechanics.  In  micromechanics,  one  attempts  to  recognize  the  fine  details  of  the 
material  structure,  i.e.,  a  heterogeneous  body,  consisting  of  reinforcing  element-:,  sucH  fibers, 
plies,  particles,  etc.,  embedded  in  a  matrix  material.  In  other  words,  micromechanics  establishes 
the  relation  between  the  properties  of  the  constituents  and  those  of  the  unit  composite  ceil.  In 
macromechanics,  on  the  other  hand,  one  attempts  to  consider  the  composite  body  as  an  assembly 
of  interacting  cells,  and  study  the  overall  behavior  of  the  composite.  For  clarity,  we  emphasize 
that  the  term  micromechanics  does  not  imply  studies  on  the  atomic  scale.  We  also  note  that 
within  the  context  of  the  present  discussion,  the  physical  dimensions  involved  at  the  microstruc- 
tural  level  are  much  smaller  than  the  physical  dimension  involved  at  the  macrostructural  level. 
In  what  follows  we  confine  our  attention  to  laminated  composite  bodies. 

We  define  a  composite  laminate  as  a  three-dimensional  continuum  consisting  of  multiple 
layers  (two  or  more)  of  materials  which  act  together  as  a  single  (integral)  physical  entity.  Here 
we  confine  our  attention  to  laminated  composites  composed  of  multiple  layers  of  only  two 
materials,  each  of  which  are  considered  to  be  homogeneous.  The  layers  are  not  considered  to  be 
necessarily  flat  and  could  have  any  type  of  curvature  (see  figure  3).  Thus  the  laminated  medium 
under  consideration  is  assumed  to  consist  of  alternating  layers  of  two  homogeneous  materials. 
We  assume  the  thickness  of  each  layer  (ply)  is  much  smaller  than  its  other  two  dimensions  and 
also  smaller  than  the  dimensions  of  the  composite  laminate.  For  example  if  0“  are  curvilinear 
surface  coordinates  of  a  layer  (ply)  and  6^  is  the  third  out  of  surface  coordinate  of  the  layer  and 
the  layers  alternate  in  the  direction  of  0^,  the  dimension  of  one  set  of  alternating  layers  (one  of 
each  material)  is  much  smaller  in  comparison  to  the  dimension  of  the  composite  in  the  direction 
of  0^. 

In  order  to  construct  a  continuum  theory,  we  should  look  for  a  (some)  representative 
(repetitive)  feature(s)  within  the  body.  For  the  laminated  medium  under  consideration  the  most 
distinct  representative  feature  is  the  alternating  feature  of  the  layers.  Hence,  we  choose  the  com¬ 
bination  of  one  layer  of  reinforcement  and  one  layer  of  matrix  as  a  representative  element  for  the 
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laminated  comp>osite.  We  then  mcxiel  this  representative  element  as  a  Cosserat  (directed)  sur¬ 
face  using  the  theory  described  in  previous  section.  Next  we  assume  the  composite  laminate  is 
composed  of  infinitely  many  of  such  Cosserat  surfaces  adjacent  to  each  other.  We  now  proceed 
to  formalize  this  idea.  Consider  a  finite  three-dimensional  body  (B  in  a  Euclidean  3-space  and  let 
a  set  of  convected  coordinates  6‘  (i  =  1,2,3)  be  assigned  to  each  particle  (material  point)  P  of  *3. 
Assume  at  each  particle  P  there  exists  a  Cosserat  surface,  s  (i.e.,  a  material  surface  together  with 
a  deformable  vector  field  called  the  director)  such  that  0“  are  the  coordinates  of  the  surface.  If  at 
each  point  P  the  Cosserat  surface  is  now  identified  by  a  representative  element  (i.e.,  one  layer  of 
matrix  together  with  one  layer  of  reinforcement)  of  the  laminated  composite  and  if  the  body  3  is 
identified  with  the  composite  laminate  itself,  the  model  of  a  composite  laminate  with  micro- 
structure  is  at  hand.  It  is  to  be  emphasized  that  in  the  present  discussion  each  Cosserat  surface  is 
itself  a  three  dimensional  shell-like  body  3  *  consisting  of  two  layers  of  different  homogeneous 
materials.  We  also  notice  that  the  material  points  within  each  representative  element  3*  art 
regular  particles  in  the  sense  of  classical  continuum  mechanics  while  the  material  points  of  3  art 
endowed  not  only  with  an  assigned  mass  density  but  also  with  a  director.  For  clarity,  we  will 
refer  to  the  body  3  as  composite  laminate,  macro-continuum  or  macro-structure  and  to  the  body 
(B*  as  representative  element,  micro-continuum  or  micro-structure.  Also,  we  will  refer  to  parti¬ 
cles  of  3  as  macro-particles  or  composite  particles  w'hile  the  particles  of  the  micro-structures 
will  be  referred  to  as  micro-panicles  or  simply  panicles  (material  points).  Parameters  or  vari¬ 
ables  that  represent  similar  physical  quantities  in  micro-body,  Cosserat  surface  and  macro-body 
will  be  designated  with  the  same  symbol  but  with  an  additional  asterisk  (*)  and  an  over  hat  (*) 
for  the  micro-body  and  Cosserat  surface,  respectively.  For  example,  the  mass  density  of  the 
composite  laminate  will  be  called  composite  mass  (or  macro-mass)  density  and  will  be  denoted 
by  p  while  the  mass  densities  of  the  Cosserat  surface  and  that  of  the  micro- structure  will  be 
designated  by  p  and  p",  respectively.  We  recall  that  each  Cosserat  surface  represents  a  three- 
dimensional  body  in  the  sense  of  classical  continuum  mechanics  and  its  boundars'  consists  of  a 
lateral  (normal)  surface  and  two  major  (upper  and  lower!  surfaces.  We  assume  that  at  each  com- 
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posite  particle  the  Cosserat  surface  coincides  with  the  lower  surface  of  the  micro-structure. 
Hence,  each  geometric  point  P  of  the  body  is  a  point  JP  on  a  Cosserat  surface  and  at  the  same 
time  is  considered  to  coincide  with  a  point  P*  on  the  lower  surface  of  the  shell-like  micro¬ 
structure. 

10.  Coordinate  systems  for  a  composite  laminate 

At  each  point  P  of  the  macro-body  we  introduce  a  set  of  convected  coordinates  0‘  (i  = 
1,2,3).  Also,  at  each  point  P*  on  the  lower  surface  of  the  shell-like  micro-structure  which  coin¬ 
cides  with  P  we  introduce  another  set  of  convected  coordinates  ri'  (i  =  1,2,3).  We  assume  the 
transformation  from  6'  to  r\'  exists,  i.e.. 


and 


ei  =  ei(Tlk)  =  ei(Tll,r|2,'n3) 


(10.1) 


det( 


(10.2) 


This  implies  the  existence  of  a  unique  inverse  for  the  above  transformation.  At  this  point  we 
make  the  additional  assumption  that 


0a  =  rta  (a  =1,2) 


(10.3) 


03  =  ln3  ,  e  <  1 

The  first  of  the  above  assumptions  is  for  convenience  (not  necessary)  while  the  second  one  is 
needed  since  the  thickness  of  a  representative  element  (micro-structure)  is  considered  to  be 
much  smaller  than  the  dimension(s)  of  the  composite  laminate  (macro-structure).  We  will  return 
to  this  point  later.  As  before,  for  convenience  we  set  ri^  =  ^  and  adopt  the  notation  q'  =  {q“,^). 
Using  this  notation  (10.1)  and  (10.3)  reduce  to 


0‘  =  0'(q‘‘)  =  q‘(q’,q2,4) 


(10.4) 
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e“  =  Ti«  (a  =1,2) 


(10.5) 


e3  =  l4  .  e<c:l 
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11.  Definition  of  a  shell-like  representative  element  (micro-structure) 

Within  the  context  of  three-dimensional  classical  continuum  mechanics,  consider  a  body 
in  the  present  configuration  and  let  its  boundary  be  a  closed  surface,  denoted  by  3®’,  and  be 
composed  of  the  following  material  surfaces: 

a)  The  material  surfaces 


^  =  0 

0<^2  (11.1) 

^  =  ^2(n“) 

b)  The  material  surface 


sf.  f(ri“)  =  0  (11.2) 

such  that  4  =  const,  are  closed  smooth  curves  on  the  surface  (11.2).  We  also  consider  a 
material  surface  of  the  form 


^  =  ^i(Tl«)  0<^i<^2  (11-3) 

lying  entirely  between  and  Sj.  From  now  on  we  will  refer  to  surfaces  defined  above  as 
follows. 

a)  So  :  bottom  face  (lower  major  surface)  of  the  micro-structure  (representative  element). 

b)  5i  :  interface  (middle  major  surface)  of  the  micro-structure  (representative  element) 

c)  ^2 :  top  face  (upper  major  surface)  of  the  micro-structure  (representative  element). 

d)  Si :  lateral  (major)  surface  or  normal  surface  of  the  micro-structure  (representative  ele¬ 
ment). 
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We  recall  that  since  "n'  =  {ti“  are  defined  by  (10.4)  and  (10.5)  as  convected  coordinates, 
the  material  surfaces  Ul-l)  and  (11.3)  will  have  the  same  parametric  representation  in  all 
configurations.  In  general  and  ^2  ^  functions  of  the  surface  coordinate  T|“  but  in  special 
cases  they  may  be  constants.  We  assume  the  surfaces  Sq,  S\  and  si  do  not  intersect  themselves, 
or  each  other.  This  implies  the  condition  (11.3)2  and  g*  i*0.  The  surface  Si  is  not  necessarily 
midway  between  the  bounding  surfaces  Sq  and  si-  Such  a  three  dimensional  body  (B  *  as  charac¬ 
terized  above  and  depicted  in  figure  4,  is  called  a  shell-like  representative  element  or  a  shell-like 
micro-structure  if  the  dimension  of  the  body  along  the  normals  to  the  surface  Sq,  called  the  fuigfit 
of  the  micro-structure,  is  much  smaller  in  comparison  to  its  other  two  dimensions  or  a  charac¬ 
teristic  length  of  the  surface  Sq. 

Considering  our  description  of  the  body  *2*,  we  may  note  that  (B*  consists  of  two  distinct 
pans  and  (Bi  as  defined  below. 

a)  Pan  (B’,  a  shell-like  body  bounded  by  the  major  surfaces  So  and  and  by  a  lateral  sur¬ 
face  Sl^  which  is  the  ponion  of  the  surface  Si  bounded  by  its  intersections  with  Sq  and 

5l. 

b)  Pan  (Bi,  a  shell-like  body  bounocd  by  the  major  surfaces  5]  and  S2  ^nd  by  a  lateral  sur¬ 
face  J/j  which  is  the  ponion  of  the  surface  Si  bounded  by  its  intersections  with  and 
Sl- 

Considering  (a)  and  (b)  above,  we  have 


ir  =  'BxKj  B2 


(11.4) 


We  assume  that  ‘B*  and  ‘Bi  consist  of  two  different  materials  which  are  perfectly  bonded  at  their 
interface  surface,  namely  the  surface  ;  q  =  ^i.  We  will  designate  the  physical  quantities  asso- 
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ciated  with  iSf  and  (B2  with  subscripts  1  and  2,  respectively.  For  example,  the  mass  densities  of 
CBi*  and  (Bf  will  be  designated  by  pi*  and  P2,  respectively.  It  is  clear  that  the  physical  quantities 
associated  with  the  body  may  have  a  jump  across  the  surface  s^:  ^  =  4i. 

Let  p*(ri“,^,t)  and  po*('n“.^)  be  the  mass  densities  of  in  the  deformed  and  reference 
configurations,  respectively.  Then  the  conservation  of  mass  (in  three  dimensions)  implies 

Pag’'/2  =  P<:aG*>/2  (a=l,2)  (11.5) 

We  define  the  surface  mass  density  or  micro-structure  mass  density,  defined  per  unit  area  of  So  at 
time  t  in  the  present  configuration  by  the  expression 

pai/2  =  J^^^p*gM/2d^ 

P  =  p(Tl“,t) 

where  p  denotes  the  mass  density  and  a  is  det(aap)  of  the  surface  So- 
of  the  body  'B  *,  we  have 

p  a'^=  f'’'p*g*'/2d^=  f^'  Pi  g*’^d^+ f  p2  (11-7) 

^0  ^0  ^S1 

Since  the  quantities  p*  g*^^  and  p2  g*''^  are  independent  of  time,  it  follows  that  p  is  also 
independent  of  time,  although  both  p  and  a  may  depend  on  t.  The  total  mass  of  an  arbitrary  pan 
!P*  of  the  body  (composed  of  pans  !?*  and  (Pi  of  (B*  and  Bi,  respectively)  bounded  by  the 
surface  (1  l.l)i,2  and  a  surface  of  the  form  (1 1.2)  may  be  expressed 


(11.6) 

In  view  of  our  description 
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9^=  f  p*di^*  =  f.  [.  p*  dll* 

T  •'ni  o 

=  f.  J.  {f^p*  g*'/2ci^)  driMn^ 

•’^1  ^Tl2  •'  O 

=  f.  J-  {f^'p*g*‘/2d^  +  jf  pY»/2d^)dTlldll2 

■'Til  •’212  •'  O  •>^1 

or 

iVf’=  iVfi -♦- =  f-  [■  p  a*/2dT]ldT|2=  f  p  dd  (11.8) 

•'tIi  •’t12  f 

where  ^P  denotes  an  arbitrary  pan  of  the  surface  5o  :  ^  =  0  which  corresponds  to  !P  and  tli,  ri2 
denote  the  applicable  ranges  of  integration  for  the  coordinates  rj’  and  ri^,  respectively.  Also,  in 
obtaining  ( 1 1 .8)  we  have  made  use  of  ( 1 1 .7)  and  the  following  formula: 

dz^’  =  (g*  X  gi)  •  g3*  dn’dTi^d^  =  g’l^dri’dTi^d^ 
dd=  (ai  X  32)  •  33  dtj^dTi^  =  dri'dri^ 

For  later  use  we  define  the  following  quantities 

pai/2  =  ?^  =  j^'rd^  ,  A*  =  p*g*i^  (11.11) 

and 

pa'^y“  =  Xy“  =  f ,  (a=l,2)  (11.12) 

In  view  of  ( 1 1 .7),  we  may  rewrite  ( 1 1 . 1 1 )  as 

pa>/2  =  ^  =  ^, +^.2  (11-13) 

where 


(11.9) 

(11.10) 


(11^)  ^  ^ 


X,  =  j'’’  ?i*d^  =  J^‘  pr 

J  0  0 
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i2=j^rd5=|^P2-g-'nd5  (11.15) 

Also,  expression  (11.12)  may  be  rewritten  as 

pal/2ya  =  Xya  =  ^jya  +  X2y“  (11.16) 

where 

=  I  =  I  prg*i/2^“d^  (11.17) 

•  o  •  0 

and 

^2y“=  f  X*4«d^=  f  P2V’^^“dc  (11.18) 

■'si  •'Si 

This  completes  our  description  of  a  shell-like  micro-structure  (representative  element),  namely  a 
three  dimensional  body  'B  *  composed  of  two  shell-like  bodies  and  (B2  such  that 

Br  =  rB{Kj<3l  (11.19) 

where  is  bounded  by  the  surfaces  (ll.l)i_2  and  (11.2),  B*  is  bounded  by  the  surfaces  (ll.l)i, 
(1 1.3)  and  (1 1.2),  ‘Bi  is  bounded  by  the  surfaces  (1 1.3),  (1 1.1)2  2nd  (1 1.2)  where  B*  and  Bi  are 
perfectly  bonded  together  at  the  surface  (1 1.3). 

We  will  refer  to  the  duals  of  the  surface  So,S\,S2  in  the  reference  configuration  by  5o^i.-^2- 
respectively.  We  also  note  that  the  duals  of  (11.6)  and  (11.7)  in  the  reference  configuration  are 
as  follows: 

PoA'^  =  J^'po*G*'/2d^  (11.20) 

and  we  have 

PoAi^  =  pai^  (11.21) 
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Also, 


Po  A'^  =  J  ^  p;  G-W  d5  =  f  Vi  G-'«  d?  +  if  p„-2  G-'  " 

<0  Jo  '^1 

and  we  have 

PoiA‘^  =  pi  ,  po2  A^/2  =  p2ai/2 

in  view  of  (1 1.5). 


(11.22) 


(11.23) 
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12.  Kinematics  of  micro-  and  macro-structures 

We  begin  our  development  of  the  kinematical  results  by  assuming  that  the  position  vector 
of  a  particle  P*  of  a  representative  element  (micro-structure),  i.e.,  p*(ri“,^,6^,t)  in  the  present 
configuration  has  the  form 

p*  =  r(Ti“  e3,t)  -H  4(83)d(Ti“  03,t)  (12.1) 

The  dual  of  (12.1)  in  a  reference  configuration  is  given  by 

P*  =  R*(ti“  03)  e(03)D(Ti“  03)  (12.2) 

If  the  reference  configuration  is  taken  to  be  the  initial  configuration  at  time  t  =  0,  we  obtain 
P*(ti“,^,03,O)  =  r(Ti“,e3,0)  ^d(Ti“.03.O) 

=  R(T1“  03)  -H  ^D(T1“.03) 

=  P(ti“,^,03)  (12.3) 

The  velocity  vector  v*  of  the  three-dimensional  shell-like  micro-structure  at  time  t  is  given 
by 

^  ap*(n°,p3.t)  ^  ( 1 2.4) 

where  a  superposed  dot  denotes  the  material  time  derivative,  holding  t)'  and  0'  fixed.  From 

(12.1)  and  ( 1 2.4)  we  obtain 

v*  =  v-f-^w  (12.5) 

where 

V  =  r  ,  w=  d  (12.6) 

From  (12.1)  and  (4.2)  we  have 
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=  +  ,  g3-  =  d  (12.7) 

where  aa  are  the  surface  base  vector  of  the  surface  Sq.  The  base  vectors  in  (12.7) 

when  evaluated  on  the  surface  :  ^  =  0  reduce  to 


g^(nm0lt)=aa{TiT^,e^t) 
g3*(Ti7,o,03,t)  =  d(n^,e3.t) 

where  g*  satisfy  the  condition 


(12.8) 


Igrg2g3]’'0  (12.9) 

This  restriction  holds  for  all  time  and  values  of  Tj'  =  {11“,^}  and  6^.  In  particular,  it  is  valid  for 
^  =  0  so  that  by  (12.9)  we  also  have 

(a,  a2d]5^0  (12.10) 

this  condition  implies  that  the  director  d  cannot  be  tangent  to  the  surface  s^- 

We  reall  that  the  director  d  is  a  three-dimensional  vector  and  it  can  be  written  as 

d  =  dig'  =  d‘gi  ,  di  =  g, -d  ,  d'  =  g^  (12.11) 

where  dj  and  d'  denote  the  covariant  and  contravariant  components  of  d  referred  to  g’  and  gi, 
respectively.  The  gradient  of  the  director  d  may  be  obtained  as  follows: 

d.i  =  (dJgj),i  =  dJ.igj  dJgj.i  =  dJ.,gj  +  dJ  { i  I'  j }  gj 

=  dJ.igj  +  d'‘{,Jk)gj 

=  (dJ.i+  {iJk)d'‘)gj 

=  d),igj  (12.12) 
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where  {  )  stands  for  the  Christoffel  symbol  of  the  second  kind  and  a  vertical  bar  (  1  )  denotes 
covariant  differentiation  with  respect  to  gij.  In  obtaining  (12.12)  we  have  made  use  of  the  tensor 
identity 


Sj.i  “  (i  j)8k 

For  convenience  we  introduce  the  notations 

=  gi  ■  tij  =  dj  I j 

Xij  =  gi-d.j  =  di,j 

From  (12.14)  it  is  clear  that 

Making  use  of  (12.14)  we  may  rewrite  (12.12)  as 

d.i  =  ^jigJ  =  ^igj 

Consider  now  the  velocity  vector  v  which  can  be  written  in  the  form 

V  =  vigi  =  Vig' 

Since  the  coordinates  6'  are  convected,  it  follows  that 

V.i  =  V|i  =  gi 

Following  the  same  procedure  used  in  (12.12),  we  can  reduce  (12.18)  to 


(12.13) 


(12.14) 


(12.15) 


(12.16) 


(12.17) 


(12.18) 
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v.i  =  (vjgj).i  =  vJ.igj  -I-  vigj.i  =  vJ  jgj  -(-  {i  I'  j}vJgk 
=  vJ.igj+ 

=  (vj,i+  {ijk)v'')gj 

=  vj|igj  (12.19) 

where  in  obtaining  (12.19)  we  have  made  use  of  (12.13)  and  (12.17).  We  now  introduce  the 
notations 


Vij  =  g,-  V.j  =  Vi|j 
V‘j  =  g'-  V.J  =  V'|J 


From  (12.20)  it  is  clear  that 


(12.20) 


v‘j  =  g‘^Vkij  (12.21) 

Making  use  of  (12.20),  we  may  rewrite  (12.19)  as 

v.i  =  VjjgJ  =  vJ.gj  (12.22) 

We  observe  that  both  Xjj  and  Vjj  represent  the  covariani  derivative  of  vector  components  and 
hence  transform  as  components  of  second  order  covariant  tensors. 

Since  Vjj  is  a  second  order  covariant  tensor,  we  may  decompose  it  into  its  symmetric  and  its 
skew-symmetric  pans,  i.e.. 


''ij  - ''(ij)  + ''[ij]  -  “Hij  + 


(12.23) 


where 


(12.24) 
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and 


“ij  =  V[ij]  =  y  (Vij  -  Vji)  (12.25) 

represent  the  symmetric  and  the  skew-symmetric  parts  of  Vy,  respectively.  From  (12.24)  and 
(12.25),  after  making  use  of  (12.18)  and  (12.20),  we  have 

Tlij  =  -j  (Vij  -H  Vji)  =  ^  (gi  •  gj  gj  •  g,)  =  ^  (gi  •  gj)  =  gij  =  Tlji  (12.26) 

and 

“ij  =  T  ~  ''ji)  =  T  (g*  ■  8j  "  8j  ■ 

Also,  in  iew  of  (12.18)  and  (12.23),  we  may  express  gj  in  the  form 

&  =  V ,  =  (Tiki -K0ki)g‘‘  (12.28) 

Moreover,  the  time  rate  of  change  of  the  determinant  of  gy,  i.e.,  g  is  obtained  as  follows 

g  =  det(gy)  =  (det(gkj))gkv  =  gg'Jgij  (12.29) 

where  we  have  made  use  of  the  formula  for  the  derivative  of  a  determinant,  namely 

(det(gy))  =  (12.30) 

Also,  by  making  use  of  the  relation 

gugkj  =  6'j  (12.31) 

we  obtain  an  expression  for  g'J  as  follows 

(g'^gkj)  =  6‘j  =  0 
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or 


g'Jgki  =  -  g‘‘‘gkj 


or 


g'^gkjg^  =  -  &^g^gkj 


or 


=  -  g‘‘‘g'Jgkj 
or 

p'J  =  —  r  (12.32) 

6  fc  c-  CKi  '  ' 

Next,  we  proceed  to  obtain  an  expression  for  the  director  velocity  vv.  Thus,  we  write 

w  =  d  =  Wkg'^  =  w^^gi,  =  (d,g') 

=  ci,g‘  +  d,g'  =  ci,g'  +  d.(g'Jgj) 

=  dkg‘‘  +  d,(g'Jgj  +  g-Jgjj 
=  dkg'"  +  d,{-  g'^^g'^g^./gj  +  g‘J(tlkj  +  c»Kj)gM 
=  dkg^  -  di'gJ^gugj  +  dJTikjg*"  dJcOkjg'^ 

=  dkg’'  +  d'a)kig‘‘  -  d'g.kg^  +  dTikig'"^ 

=  dkg^  +  d'a>k,g^  -  d'(2ri,kig‘'  +  d'rik.g^ 

=  dkg^  +  d‘(a)k, -Tik.Jg^'  (12.33) 

where  in  obtaining  (12.33)  v.e  have  made  u.se  of  (12.28)  and  ( 12.32).  The  gradient  ot  the  direc- 


tor  velocity  is  obtained  in  a  similar  manner: 


w.i  =  d ,  =  (dkg‘‘),i  =  (Xkig*^)  =  Xidg'‘  +  Xkig’^ 

=  ^kig'‘  +  ^lci(g’‘Jgj)  =  ^kig‘‘  +  ^ki(g^Jgj  +  g‘‘jgj) 


=  J^ldg'^  +  >-ki(-g‘^gj'gm/gj)  +  ^kig'^Jdlmj  +  Wmj)g’" 
=  J^kig‘‘  -  +  >Ji(rimj  +  0)mj)g'" 


=  Xkig'^  -  +  >J,'nkjg‘‘  +  >J,0)kjg‘' 

=  J^kig^  +  ^,c^jg^  -  2>J,Tijkg'^  +  XJ.rikjgi^ 

=  Xk.g'^  + -  Tlkj)g‘‘  (12.34) 


The  dual  of  expressions  (12.7)  to  (12.16)  in  the  reference  configuration  follows  from  (12.2) 
in  a  similar  manner  and  is  given  by: 

Ga  =  Aa  +  ^D.a  .  G*  =  D  (12.35) 


Ga(TlT0.e3)  =  Aa(TlTe3,t) 
G3‘(ri^,0,e3)  =  D(tiY  03,1) 


(12.36) 


where  G d  satisfy  the  conditions 


[GrG2*G3l^0 


(12.37) 


and 


[GfGj’Dl^O 


02.38) 


Moreover, 
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D  =  D,G‘  =  DiGi  .  Di  =  GiD  .  Di  =  G'JDi 
D_i  =  DJ  I  jGj  =  A-ijGj  =  ■^jiG-i 

where  we  have 


Aij-Gj-  Dj-Djij 

Aij  =  Gi-D,j  =  D>ij 


A‘j  =  G‘*'Akj 

We  now  introduce  relative  kinematical  measures  y,j,  !?ilj  y,  such  that 


and 


Yij  =  7  (gij  -  Gij)  =  7  (gi  •  gj  -  Gi  •  Gj)  =  yji 


Ti  =  d,  -  D, 

Making  use  of  (12.7),  (12.1 1),  (12.16),  (12.35).  (12.39)  and  (12.40)  we  may  obtain 


Yap  -  Ypa  -  7  { (ga  +  ^d,a)  •  (gjj  +  ^D_p)  -  (Gq  +  ^D.a)  '  (Gp  -t-  p) ) 


-  7  { (gap  “  Gap)  +  ^[(ga  ■  d_p  -  Gq  '  D  p)  -I-  (gp  •  d_a  -  Gp  •  D  a) 


^^(d.a  ■  d,p  -  D.a  •  D  p)) 


or 


(12.39) 

(12.40) 

(12.41) 

(12.42) 

(12.43) 

(12.44) 

(12.45) 
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Also, 


Yap  -  Ypa  -  Yap  -  y  ^(^^P  +  !?(pa)  +  y  ^^(^'a^P  “  A'aAjp) 


Ya3  —  YJa  — ^  { (ga  +  xd  q)  •  d  —  (Gq  -t-  q)  •  D ) 

=  y  {(ga  <l-Ga  D)-^^(d-d„-D-D.a)} 


Y^  -  Y3a  -  -y  { Ya  +  C(d‘/^a  -  D'Aju)  j 
and 

Y33  =  y  (d  •  d  -  D  •  D)  =  -^  (d‘di  -  D’D,) 


(12.46) 


(12.47) 


(12.48) 


13.  Superposed  rigid  body  motion 


We  recall  that  when  the  motion  of  the  body  “B*  differs  from  the  given  motion  by  a  rigid 
motion,  the  position  vector  p'*'  has  the  form 

=  p’^(Tl\t')  =  Po*"(t')  +  Q(t)[p*(Tli,t)  -  Po*(t)]  (13.1) 

where  Q(t)  is  a  proper  orthogonal  tensor  function  of  time.  Also,  under  superposed  rigid  body 
motions,  the  position  vector  r  of  the  surface  SqoIB'  changes  to 

r-  =  r-(ei,t')  =  rjCt')  +  Q(t)[r(Ti“  t)  -  ro(t)]  (13.2) 

Since 

p*-r  =  ^d  ,  p’-*^  -  r^  =  ^d-"  (13.3) 

with  the  help  of  (13.1)  and  (13.2)  we  obtain 

^d^  =  p-  -  r-  =  [po^(0  -  r-(0]  +  Q(t)((p‘  -  r)  -  (p^*  -  ro))  (13.4) 

For  a  rigid  motion  we  have 

(Po*"-ro)  =  Q(t)(Po*-ro)  (13.5) 

Hence,  it  follows  that  the  vector  function  d'"(ri«  t)  must  transform  according  to 

dnri“,t)=Q(t)d(ri“t)  (13.6) 

under  superposed  rigid  body  motion.  It  is  easily  seen  from  (13.6)  that  the  magnitude  of  d(ri“,t) 
under  superposed  rigid  body  motions  remains  unchanged: 

d"  •  d"  =  (Qd)  •  (Q  •  d)  =  Q^Qd  •  d  =  d  •  d  ( 1 3.7) 

since  for  a  proper  onhogonal  tensor  Q  we  have 
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QQT  =  qTq  =  i  .  det(Q)=l 
and  since  for  any  two  vectors  U  and  V  we  have 


(13.8) 


U  •  QV  =  Qnj  •  V 


(13.9) 
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14.  Stress-resultants,  stress-couples  and  other  definitions 

Consider  a  shell-like  three-dimensional  micro-structure  (B  *  bounded  by  a  closed  surface 
d'S”,  as  specified  in  section  1 1,  which  consists  of  the  material  surfaces 

:  4  =  0 

0<^2  (14.1) 

and  a  normal  (lateral)  matenal  surface  of  the  form 

S/:f(Ti“)  =  0  (14.2) 

such  that  \  =  const,  are  closed  smooth  curves  on  the  surface  (14.2).  Let  Sj  be  a  material  surface 
of  the  form 

•^1  :  ^  =  0<^i<^2  (14.3) 

lying  entirely  between  and  S2.  Moreover,  let  (B*  be  composed  of  two  shell-like  bodies  B*  and 
‘Bi  wiir  their  lateral  surfaces  and  dBn,  respectively,  as  specified  in  section  11. 

Consider  an  arbitrary  pan  of  the  material  surface  ^  =  0  in  the  present  configuration  and 

let  it  be  denoted  T.  Also,  let  (P*,  with  boundary  dT*,  refer  to  an  arbitrary  pan  of  the  shell-like 

body  ‘r  *  in  the  present  configuration  such  that; 

a  !P*  contains  (P; 

b)  9!P*  consists  of  ponions  of  the  surfaces  (14.1)]  2  and  a  surface  of  the  form  (14.2)  at 
time  t; 

Cl  dT"  coincides  with  dBon  the  surface  So-^  =  ^ 
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Moreover,  let  refer  to  the  part  of  8lP*  specified  by  a  lateral  surface  of  the  form  (14.2)  such 
that 


^!Zr  =  ^^P•  =  ^^P  on  .So:^  =  0  (14.4) 

Since  (B*  is  composed  of  two  shell-like  bodies  “Bf  and  ^  separated  by  the  surface 
5)  :  ^  =  4],  the  pan  T*  is  also  composed  of  two  pans  (P\  and  'Pi  with  their  corresponding  boun¬ 
daries  dP\  and  dPi,  respectively. 

Let  the  boundary  dfPof  !P,  in  the  present  configuration  be  denoted  by  a  closed  curve  c  and 
defined  by  the  position  vector  r  on  dP.  Let 


Ti“  =  Ti“(s)  (14.5) 

be  the  parametric  equations  of  the  curve  c,  with  s  as  the  arc  parameter.  Funher,  let  X  and  v 
denote  the  unit  tangent  vector  and  the  outward  unit  normal  to  c  lying  in  the  surface  5^, :  ^  =  0. 
Then  we  have 


=  (14.6) 

V  =  X  X  03  =  v“aa  =  Vaa“  =  E“Pvaap  (14.7) 

/,  =  33  X  V  =  33  X  Vaa“  =  £“IVaap  (14.8) 

where  e“^  are  the  E-symbols  in  two-dimensional  space; 

EaP  =  ea33  =  a''^ea[3  ,  =  e«P3  =  a-l/2eaP 

611=^22  =  0  .  e'‘=e"2  =  0  (14.9) 

ei2  =  - 621  =  1  .e'2  =  -e"'  =  l 
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We  also  recall  that  the  elements  of  area  on  the  surfaces 


So  .^  =  0 


S2-k  =  ^2(^1“)  =  constant 


are  given  by 


(14.10) 


da  =  (g*g*2^)'^dTi*dTi^  for  ^2  =  const.  (14.11) 

Moreover,  the  element  of  area  on  the  lateral  surface  9l?r  is 

n*'dfl=  g*’'^dri2ciq 

=>  du=  (n*'dri^  -  n’2dri')g*''^dc  (14.12) 

n*‘da=  -g*’^dri'da 

where  n  ’  are  the  components  of  the  outward  unit  normal  to  the  lateral  surface. 

Let  N  =  N(ri“,t;v)  and  M  =  Mfrj^.ttv)  be,  respectively,  the  resultant  force  and  resultant  couple 
vectors,  each  per  unit  length  of  a  curve  c  in  the  present  configuration.  We  define  these  resultants 
as  follows: 


f.Nds=f  t*da  ,  f.Mds=L  f  ^  da  (14.13) 

Ja?  •’d'Pi*  •'ay  •'rfr’i 

We  also  define  additional  resultants 


N«  =  f T*«dq  =  [ T*“dq  -f- 

T'“dq 

(14.14) 

J  0  Jo 

•’si 

M“=  [^'r«;dq  =  f^‘  T*“dq+  1 

Jo  Jo  ^ 

[f  T’“d£ 

SI 

(14.15) 

ma'^=l"'r^dq=f"'  dc  + 

*'0  Jo 

P  T*-^  d; 

^  VI 

(14.16) 

Following  the  same  procedure  as  in  (8.17),  we  can  show 
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N  =  N“Va  , 

M  =  M“  Va 

(14.17) 

N(V)  =  -N(-v)  , 

M(v)  =  -M(-v) 

(14.18) 

We  also  need  to  define  two-dimensional  body  forces,  i.e.. 


P  f  al/2  =  j  p*  b*  [T*  g*>/2(g-33)l/2],^  +  fT*  g’l/2(g*33)l/2]^^Q  (14.19) 

P  1  al/2  =  I  b’  g*l/2  ^  [r*(g*g’33)l/2^]-^^  +  [r*(g*g*33)l/2^]^^0  (14.20) 

where  T*  is  the  value  of  t  on  the  boundary  of  ‘B*.  In  the  same  manner  as  in  section  (8),  by 
making  use  of  (8.16),  (14.19)  and  (14.20),  we  obtain 

p  f  a>^‘  =  p*  b*  g*>/2  d^  +  [r3]|^  =  p*  b*  g*’/2  d^  -H  (14.21) 

and 

^  i  a>'2  =  J  p-  b-  g-'^z  ^  +  IT-J^l  °  =  J  p-b-g->«  i 

+  [T'Hl«,-lT'’^k=o  (14.22) 

where  in  obtaining  the  above  formulae  we  have  assumed  ^2  in  ^  =  ^2(^1“)  to  bo  constant.  Also  in 
obtaining  (14.21)  and  (14.22)  we  have  used 


n*  =  (g*^^)"''^[0,0,-g*^]  on  the  surface  Jq  ;  ^  =  0 

n*  =  (g*^^)"’^  [0,0,+g*3l  on  the  surface  ^2 :  ^  =  ^2(11“) 
for  the  outward  unit  normal  to  the  surfaces  Sf,  and  .^2- 


(14.23) 
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15.  Basic  field  equations  for  a  shelMike  representative  element  (micro-structure) 

We  now  proceed  to  derive  basic  field  equations  of  motion  for  a  shell-like  representative 
element  (micro- structure)  as  defined  in  section  (11).  To  this  end  we  make  use  of  the  various 
resultants  defined  in  section  (14)  and  procedures  described  in  section  (9).  Recall  the  three- 
dimensional  equations  of  motion  in  classical  continuum  mechanics,  namely’ 


and 

g*xT*>  =  0  (15.2) 

where 

t*  =  g’-i/2TV  >  T’'  =  g*’%*iJg;  (15.3) 

The  derivation  is  effected  by 

i)  integration  of  each  term  in  (15.1)  and  (15.2)  with  respect  to  ^  between  4=0  and  4  =  42> 

li)  integration  after  multiplication  by  4.  of  each  term  in  (15.1)  and  (15.2)  with  respect  to  4 
between  4  =  0  and  4  =  42- 

Consider  equation  (15.1)  and  integrate  both  sides  of  the  equation  with  respect  to  4  between 
4  =  0  and  4  =  42  to  obtain 


f  r i  .d4  f  P*b*g*i^d4  =  f  p^*g*’/2df  ( 1 5.4) 

*  0  ’  ^0  ■'  o 


’  In  the  literature  on  continuum  formulation  of  composite  materials,  it  is  cus¬ 
tomary  to  write  two  sets  of  equations  of  motion,  i.e.,  one  for  the  matrix  and  one 
for  the  reinforcing  material.  Moreover,  to  keep  equations  as  simple  as  possible 
and  since  we  have  admitted  to  have  jumps  in  various  field  quantities  across  the  in¬ 
terface  surface  S]  it  suffices  to  write  equations  of  motion  as  in  (15.1). 
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Consideriiig  each  term  in  (15.4)  separately,  we  obtain 


J  ^  =  J  T;a“d^  +  j  ^  T.^  d^  =  [J  ^  T-“d^].a  [T*3] 


=  (N«ai/2)a+[r3] 


^=42 


4=0 


(15.5) 


Also, 


I  p-b  =  P  -  [1*3] 


4=0 


(15.6) 


and 


f  ^  p’v'g*’'^d^  =  f p*g*’'^(v  -t- 1  w)d4  =  p  V  -f-  py^a*'^  w 
Jo  Jo 


(15.7) 


where  in  obtaining  the  last  result  we  have  made  use  of  (1 1.1 1),  (1 1.12)  and  (12.1),  i.e.. 


pa'^  =  X  =  j X*  d^  ,  X*  =  p’g* 


1/2 


(15.8) 


pa'^y“  =  ly«=  ^“d^  ,  (a  =1,2) 


(15.9) 


and 


v*  =  v  +  ^w  (15.10) 

with  V  and  w  as  functions  of  T)'  and  Ti^  only.  Introducing  (15.5)  to  (15.7)  in  (15.4),  we  obtain 


(N“a*'^),a  +  pfa'^  =  pa’'^(v  y'w) 


(15.11) 


Making  use  of  the  tensor  identity 


(N«a>/2)a=a-"N“ia 


(15.12) 


we  can  reduce  ( 1 5. 1 0)  to 
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N“(a  + pf=P(v  + y^w)  (15.13) 

Next,  we  multiply  (15.1)  by  ^  and  then  integrate  with  respect  to  ^  between  ^  =  0  and  ^  =  ^2 
to  obtain 

f  ^  d^  -h  J  ^  p*b  Vi/2  ^d^  =  f  ^  p’;*g*^^  ^d^  (15.14) 

•  0  *  *0  *0 

Considering  each  term  in  (15.14)  separately,  we  write 

j  ^  T\;  =  j  ^  T-»  „  +  J  ^  T-3,3 

=  [/  ’■  T-»  5d51,„  +  /  KT-J^jj  -  T-3]d4 

Jo  J  o 

1=1.  ^ 

=  (M«a''2).„  +  (^r3i^^-J_^r3d^ 

=  +  [|T-3l  -  ma>'2  (15.15) 

and 

J  ^  p-b-g-''=  ^df  =  p  i  a''2  -  [^T-S]  (15.16) 

J  O  ^=U 

Also 

f^p*g*'^v*  ^d^=  f'’  ?L*(^v -I- ^2w)d^  =  pa’^^y'v  4- pa'^y^w 

where  in  obtaining  the  last  result  we  have  made  use  of  (15.8),  (15.9)  and  (15.10).  Introducing 
(15.15)  to  (15.17)  into  (15.14),  we  obtain 

(M“a'^)_a  =  ma'^  -i-  pia^^=  pa’^(y’v  -i-  y^w)  (15.18) 

Making  use  of  the  tensor  idendty 
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(M“al/2)a=al/2M“ia 


(15.19) 


we  reduce  (15.18)  to 


^  A  A 


M“ia-  m  +  pi  =  p(y‘v  +  y^w) 


(15.20) 


Next,  we  consider  (15.2)  and  integrate  with  respect  to  ^  between  ^  =  0  and  ^  =  ^2 


f  (g-xri)d^  =  0 

'  o 


(15.21) 


Recalling  the  expressions  for  g’,  i.e.. 


g^  =  aa+4da  .  g3*  =  d  (15.22) 

we  proceed  to  reduce  (15.21)  as  follows: 

/  ^  (gi*  X  T*i)d^  =  /  ^  f(aa  +  ^d.a)  X  r«  +  d  X  T'3]d4 
*  0  ^0 

=  f  (aa  +  ^d,„)  X  +  f  d  X  T*3d^ 

*'0  ^  O 

=  X I  T*“d^  -t-  d  a  X  j  T*“  ^d^  4-  d  x  J  ^  T*^d^ 

=  aa  X  (N°a'^)  4-  d,a  x  (M“a'^)  +  d  x  (ma''^)  =  0  (15.23) 

Since  a  0,  we  obtain 


aa  X  N“  4-  d  X  m  4-  d.a  X  M“  =  0 


(15.24) 


We  continue  to  obtain  the  equation  of  balance  of  energy.  We  recall  that  the  conserv'ation  of 
energy  can  be  reduced  to  (9.30),  repeated  here  for  convenience 


p*g*'^‘  =  T*'- V* 


(15.25) 
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We  integrate  both  sides  of  (15.25)  with  respect  to  %  between  ^  =  0  and  ^  to  obtain 

f  p*g**'^£''d^  =  f  ^  T*‘  •  v’d^  =  f  T'’  •  (v  ^w)  i  •  d5. 

=  f  ^  T*“  •  v,ad^  +  f  ^  T*“  •  (^W)_ad4  -t-  j  ^  T*3  •  (^w).3  d^ 

Jo  Jo  Jo 

=  V  a  ■  [  T*“d^  +  w  a  •  [  T*“^d^  -(-  w  •  f  ^  T*3  dq 

’  Jo  *  j  o  Jo 


=  a'^  N“  •  V  a  -i-  a'^M“  •  W  q  -t-  a’‘^m  •  w 


(15.26) 


We  now  define  a  specific  internal  energy  for  the  representative  element  (microstructure)  by 


pa'^e  =  |^  p*g*’%*d^ 


(15.27) 


From  (15.26)  and  (15.27)  we  obtain  the  equation  of  balance  of  energy  for  the  micro-structure 


p(e )  =  N“  ■  V  a  -f-  M“  •  \v  a  -I-  m  •  \v  =  P 


(15.28) 


where 


p  =  N'a  .  V  Q,  +  M“  •  Wq  -t-  m  •  w  (15.29) 

is  the  mechanical  power  of  the  micro-structure  (representative  element).  This  completes  the 
derivation  of  the  field  equations  for  the  shell-like  micro-structure.  These  field  equations  are  in 
their  local  forms.  The  gtobal  form  of  these  equations  will  be  derived  and  discussed  in  the  next 
section. 

Before  closing  this  section  we  proceed  to  discuss  the  continuity  of  stress  throughout  the 
micro-structure,  i.e.,  at  the  interface  of  the  maufx  and  reinforcement.  To  this  ena  we  recall  the 
jump  conditions  (4.35),  i.e.. 
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[p*!  =  0 

[pVw’-t*]  =  0  (15.30) 

[  p*(e’  -I-  k’)wn  - 1’  ■  V*  1  =  0 

In  our  case  since  the  surface  of  discontinuity  is  a  material  surface  we  have  v*  =  u*  and  we  obtain 

w;  =  0  (15.31) 

Hence,  equation  (15.30)i  is  identically  satisfied  and  equation  (15.30)2  reduces  to 

[tl  =  0  (15.32) 

This  shows  that  at  a  material  surface  of  two  media  the  stress  vector  is  continuous.  Since  this 
result  holds  for  any  material  surface  of  two  media,  we  can  conclude  that  within  the  shell-like 
body  ‘B  ’  and  at  the  surface  ;  ^  =  ^i,  the  stress  vector  is  continuous. 

To  ensure  the  continuity  of  displacement  across  the  interface  we  must  require  for  the  direc¬ 
tor  to  be  continuous  (not  to  have  jump)  across  the  interface.  However,  at  this  point,  to  keep  the 
formulation  general,  we  do  not  impose  such  a  condition.  Moreover,  in  some  cases  (such  as 
delamination)  it  may  be  appropriate  to  admit  jump  for  displacement. 


BASE 


-79- 

16.  Conservation  laws  for  a  shell-like  representative  element  (micro-structure) 

This  section  is  concerned  with  the  derivation  of  the  global  field  equations  (conservation 
laws)  for  our  shell-like  representative  element  (micro-structure).  The  derivation  is  accomplished 
by  integrating  the  basic  field  equations,  derived  in  section  15,  over  an  appropriate  region  of  two 
dimensional  space  covered  by■^^  coordinates.  To  this  end  we  consider  an  arbiu-ary  part  !Pof 

A 

the  materials  surface  5o  •'  ^  =  0  (see  14.1)  in  the  present  configuration  and  let  dThc  the  boundary 

A 

(curve)  of  T.  The  basic  field  equations  (in  local  form)  for  the  part  ^Pwere  derived  in  section  15. 
For  convenience,  we  rewrite  these  equations  in  the  forms  appropriate  tc  our  development  in  this 
section  as  follows: 

a  :  (pa^^)  =  0 

b  :  pa^^(v  •+•  y'w)  =  (N^a’^^Xa-f- pfa*'^ 

c  :  pa*^'^(yW’ -I- y^w)  =  (M“a'^),a  -  ma'^ -t- pia*^  (16.1) 

d  :  a“  X  N“  -I-  d  X  m  -t-  d,a  X  M“  =  0 
e  :  p(e)  =  •  v,a  -i-  M“  •  w  „  -i-  m  •  w 

At  this  point  we  need  to  consider  the  kinematics  of  a  surface  integral  and  deduce  an  integral 
formula  which  will  be  utilized  in  the  rest  of  the  section.  Consider  a  sufficiently  smooth  scalar- 
valued  or  vector-valued  function  of  position  and  time,  0,  and  define  the  integral 

l=f.0do  (16.2) 

over  T  in  the  present  configuration.  Since  the  above  integral  is  a  function  of  time,  its  derivative 
with  respect  to  t  may  be  calculated  as  follows: 
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= ((i>j  +  <t)j)dj? = j((i)  -h  j-i  j4))d;? 

=  J.(<i>  +  J~'j<J>)dfl  (16.3) 

J  JP 

where  dA  is  the  element  of  area  in  the  reference  configuration  and  where  we  have  made  use  of 


dfl=JdJ^  , 


(16.4) 


and  the  region  of  integration  of  the  last  integral  in  (16.3)  is  again  over  !P.  We  now  recall 


a  =  det(aa^)  =  -j~  [det(aa|j)]axY=  aa“P^p  =  2ari,? 
where  ri“p  =  a“A/^  and  riy  is  given  by  (12.24). 


(16.5) 


By  (16.4)  and  (16.5)  we  obtain 


J  =  (^)I%l/2)  =  j.  =  |(^)I/2a-l/2(2aTl  «) 


(16.6) 


Hence,  from  (16.3)  and  (16.6)  we  have 


Now  consider  (16.1)a  and  write 


(16.7) 
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(pa'/2)  =  [p  ^\!2  +  p(ai^)]  =  p  z}i^  +  "J  P  ^ 

=  p  a'/2  +  p  ai/2  n  “  =  a'^(p  +  ■n5‘p)  =  0  (16.8) 

If  we  now  integrate  both  sides  of  (16.1)a  with  respect  to  Tj^  and  make  use  of  (16.7)  and 
(16.8),  we  obtain 

[.  f.  (pa'/2)  dTiMTi^=  [.  f.  a^^(p  +  ri5p)dTi'dTi^=  f.(p  +  Ti^p)da  =  0  (16.9) 

•'ll, 'Tij  ^ 

or 

■^J.a*^pdd  =  0  (16.10) 

where  da  is  the  element  of  area  of  the  shell-like  micro  structure.  This  is  the  conservation  of 
mass  for  an  arbitrary  part  !Pof  our  shell-like  micro-structure. 

Next  we  consider  (16.1  )b  and  integrate  with  respect  to  Ti*  and  to  obtain 

f.  [.  pa''^(v -f- v'w)dri'dTi2  =  f.  [.  (N“a^^)  adn'dri^ -i- f.  f.  pfa'^drj'dri^  (16.11) 
■'ni  •’n:  '  •'ni  ■'n:  ’ 

w'here  rii  and  ri2  denote  appropriate  ranges  of  integration  for  ri'  and  ri^.  We  now  utilize  Stokes' 
theorem  and  (16.8)  to  reduce  { 16.1 1)  as  follows: 


or 


[.  [.  {pa* -(\ -t- v^V) -t- a''‘(p -t- ri^p)(v v'wjjdri'dri^  = 
•'ni  ■'ns 


[  .  N“Vad5-t- [,  pfda 
•'9y  •''p 


J.  ( [p(v  +  y'w)]  +  •n^[p(v  -I-  y'w))  }dd  pfda'  +  f  .  N  ds 

Jrp 

or 
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^|.p(v-^yiw)dfl  =  J.pfda-^j^.Nd5  (16.12) 

where  in  obtaining  (16.12)  we  considered  the  fact  that 

N  =  N“Voi  (16.13) 

and  dd  is  the  element  of  area  of  the  shell-like  micro-structure.  Equation  (16.12)  is  the  conserva¬ 
tion  of  linear  momentum  for  an  arbitrary  part  of  the  shell-like  micro-structure. 

Following  the  same  procedure  we  consider  (16.1  )c  and  integrate  with  respect  to  ri^ 
f.  f.  pa'/^(y’v-(- y2w)dri'dTi2  = 

j.  J.  (M“a'^2)^(j^ijT-|2_  f  f  ma’^dri'dri^  4- f.  f.  pia''^dri'dri2 
m  r[2  '  ■’ti,  ■'ti2  ■'tii 

Again  we  make  use  of  (16.7),  (16.8)  and  Stokes’  theorem  and  write 

j.  j.  {pa'''2(y^v-i-y2w)-i-a^^(p  +  Ti^p)(yJv-t-y2w}dri'dri2  = 

■Hi  n: 

f  ,M“Vo(dd-f  mdd-(-f  p  i  dd 

•'9'P  J-p  Jp 

or 

J.  {[p(y’v -(- y^w]  +ri5[p(y'v-t-y2w)]}dd=  f .  (pi  -  m)dd-t-  [  .  Mdj  (16.14) 
where  we  have  made  use  of  the  expression 


M  =  M«Va  (16.15) 

Equation  (16.14)  is  the  conserv'ation  of  director  momentum  for  an  arbitrary  part  v.  f  the  shell-like 
micro-structure. 
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We  now  consider  ( 1 6. 1  )b,  ( 1 6. 1  )c,  ( 1 6. 1  )d  and  write 

pa'/2[r  X  (v  y^w)]  =  r  x  (N“a*^).oi-i-  pr  x  (16.16) 

pa^^  [d  X  (yiy  y^w)]  =  d  x  (M“a*^)_a-  d  x  ma'^  +  pd  x  ia^'^  (16.17) 

0  =  a'/2(a^  X  N“)  -f-  a'/2(d  x  m)  -i-  a'^(d,a  x  M“)  ( 16. 1 8) 

Adding  (16.16),  (16.17)  and  (16.18),  we  obtain 

p  a'/2[r  X  (v  y'w)]  -i-  p  a'^[d  x  (y^v  +  y^w)]  = 

r  X  (N“a'^)_a  act  X  (N^a'^'^j  +  p  x  f  -t- 

d  X  (M“a’^)_a  +  d,a  X  (M“a*^)  -i-  p  a'^^  d  x  I 
or 

p  a'/2[r  X  (V  -I-  y'w)]  +  p  a'^[d  x  (y^v  +  y‘w)]  = 

(a’^r  X  N“),a  -f-  p  a'^r  x  f  -i-  (a'^d  x  M“),a  4-  p  a'^d  x  i  (16.19) 

Integrating  (16.19)  with  respect  to  r]',  1)2  and  making  use  of  (16.7),  (16.8),  (16.13),  (16.15)  and 
Stokes’  theorem,  we  obtain 

a’'^{p[r  X  (V  +  y!w)]  +  (p -(- ri^p)[r  X  (V -t- y!w)])dri'dri2  4- 

f.  [.  a''^{p[d  X  (y'v-(-y2w)]-t-(p-t-ri^p)[d  X  (yiv-(-y2w)])dri’dri2  = 

''•n;  n: 

f.  J.  (a''^r  X  N“)^dri'dr|‘+ f.  f.  (a'^d  x  M“)  adii'dri^ -t- 

ni  nz  ’  •'tij 

J.  pa''^(r  X  f  4- d  X  i)dr|‘ 


or 
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{ p  X  (v  +  y^w)]  -I-  r|^p[r  X  (v  y^w)]  )dfl  + 

f.  {p[d  X  (yiy  +  y^w))  +  ri^p[d  x  (y^v  -I-  y2w)]}di  = 

jip 

f  .  (r  X  N“)VadTi‘dTi^  +  f  .  (d  x  M“)VadriMTi2  -i- 
f,  p(r  X  f  +  d  X  i)dd 

j,p 

or 

J^p{r  X  (v  X  y'w)  +  d  X  (y'v  +  y‘W)}da  = 

f,  p(r  X  f  +  d  X  i)dd-(-  [  .  (r  X  N  -1-  d  X  M)dd  (16.20) 

This  is  the  conservation  of  moment  of  momentum  of  the  shell-like  micro-structure. 

Finally  we  consider  (16.1)1,,  (16.1  )c  and  form  their  scalar  products  with  v  and  w  respec¬ 
tively  and  add  the  resulting  requations  to  the  product  of  (16.1)e  with  a’"^  to  obtain 

p  a''‘(v  +  y'w)  ■  V  -t-  pa'^(y'v  +  y’w)  •  w  +  pa'^(E)  = 

(N^a''")  a  •  V  -I-  p  f  •  V  a'^  +  (M“a'^’\u  ■  w 
-  a'''^  m  •  w  -t-  p  a''^  1  •  w 

+  a'^2  N“  ■  v_a  -t-  a'^  M“  •  w  ^,  -t-  a'*^  m  •  w  (16.21) 

Rewnting  ( 1 6.2 1 ),  we  obtain 

p  a''^  (£)  -t-  p  a''^(v  •  V  y'v  •  w  -t-  y'v  •  w  +  y^w  •  w)  = 

p  a'^(f  •  V  -I-  i  •  w)  -(- 

(a'^N“  •  vXa  +  (a’^M“  •  w)  ^  (16.22) 

Integrating  (16.22)  with  respect  to  making  use  of  Stokes'  theorem,  and  making  use  of 
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(16.7),  (16.8),  we  obtain 

[.  f.  pa*'^(£)driMri2 [.  pa*^(v  •  v -t- yW  ■  w -t- y^v  ■  w-t- y^w  •  w)dri'dri^ 

■'■Hi 


'ni  'nz 


f.  [.  pa^^(f  •  V -(- i  •  w)dri'dTi2 + 

•'ni  "^nz 


L  f.  (a^'^.N“  •  v)adr|'dri2-f- 
•’ni  ■'nz 


f.  f.  (a’^^NP  •  v)otdr|’dr)2 
•'ni  ■'nz 


or 


or 


J^p(e)dfl  +  p(v  ■  V  +  2y’v  •  w  +  y^w  •  w)dfl  = 


f.  p(f  •  v-t-  i  •  w)dfl-i- 

J  /D 


f  .  (N“  •  V  -(-  M“  •  w)d.y 
•'9'P 


or 


[,  p(e  (\}da  =  [,  p(f  ■  V  -f  i  •  w)dfl+  f  ,  (N“  •  v  +  M“  •  w)d^ 

■'■jj  ■I'p 


j.  {p(E+  :?0  + (p  +  'naP)(E+  ;^ldd=  f.p(r  v-i-i  •  w)da-t-  [  .(N«- v  +  M“-w)di 

•p  Jp  J^p 


or 


j.  [fp(E+  :^0]  +  'n“[p(E+  i)]}dd=  f.pir  v-i-i  •  w)da-t-  f  (N«  ■  v  +  M«  •  W)ds 

•"P  Jp  J^p 


or 


/^p(E  +  ^dd  =  p(f  •  V  i  •  w)do  +  j .  (N“  •  V  -(-  M“  ■  wid^ 


(16.23) 
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where  in  obtaining  (16.23)  we  have  used  the  fact  that 

!^=  y  (v  •  V  2y*v  •  w  -I-  y^w  •  w)  (16.24) 

Equation  (16.23)  is  the  conservation  of  energy  for  the  shell-like  micro-structure. 
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17.  Conservation  laws  for  composite  laminates 

In  this  section  we  derive  various  conservation  laws  of  a  composite  laminate  (i.e.  global 
forms  of  equations  of  motion)  from  the  corresponding  conservation  laws  of  a  shell-like  micro¬ 
structure  derived  in  section  (16).  We  recall  that  the  composite  laminate  is  assumed  to  consist  of 
infinitely  many  Cosserat  surfaces.  This  assumption  is  justified  by  physical  considerations  since 
the  thickness  of  each  ply  is  small  in  comparison  with  the  thickness  of  the  laminate  itself. 

For  convenience,  we  record  below  the  conservation  laws  for  an  arbitrary  part  T  bounded  by 
^^Pof  the  micro-structure 


c  :  f.  p(y’v  +  y2w)dd=  [.  (pi  -  m)dc+  f  .  Md^ 

01  ^ 'p  Jp 


d  ; 


di 


f  o(r  X  (v  +  v'w)  +  d  X  (vH'  ■+■  y^w))dd  = 

J'P 


(17.1) 


J.  p(r  X  f-i-  d  X  i)dd-t-|.  (r  xN  -i-  d  xM)dj.- 

e  :  |^p(E -t- ;]^dd  =  |.  p(f  •  v -I- i  •  w)da -f- J^^(N“  •  v -(- M“  •  w)d5 

The  first  of  (17.1)  is  a  mathematical  statement  of  the  conservation  of  mass,  the  second  that  of  the 
linear  momentum,  the  third  is  the  conservation  of  the  director  momentum,  the  fourth  that  of  the 
moment  of  momentum,  and  the  fifth  is  the  conservation  of  energy.  The  various  quantities 
appearing  in  (17.1)  have  been  defined  in  the  previous  sections  and  in  what  follows  we  will  make 
reference  to  these  definitions  when  the  need  arises. 


We  observe  that  the  basic  structures  of  {17.1)a,b,e  their  forms  are  analogous  to  the 
corresponding  conservation  laws  of  the  classical  3-dimensional  continuum  mechanics.  Equation 
(17.1)c  does  not  exist  in  the  classical  continuum  mechanics  whereas  equation  (17.1)d  although 
exist  it  has  a  simpler  form.  It  should  be  noted  that  the  conservation  laws  (17.1)  are  consistent 
with  the  invariance  requirements  under  superposed  rigid  body  motions,  which  have  wide  accep¬ 
tance  in  continuum  mechanics. 

As  described  in  section  (10),  we  consider  two  sets  of  convected  coordinate  systems  one  of 
which  is  used  to  describe  the  behavior  of  the  micro-structure  and  is  designated  by  t]'  = 

The  second  coordinate  system  is  used  to  describe  the  behavior  of  the  composite  laminate  (i.e.  a 
continuum  with  micro-structure)  and  is  designated  by  6'=  {6',6^,0^).  In  general,  the  two  sets 
are  related  by  (10.1)  subject  to  condition  (10.2).  As  before,  we  also  adopt  (10.3),  i.e.. 


0«  =  11“  , 

03  =  1  ^  ,  eel 


(17.2) 


Consider  an  arbitrary  pan  Tof  the  composite  laminate  in  the  present  configuration  and  let  it 
be  bounded  by  a  closed  surface  dT.  In  view  of  the  choice  of  the  convected  cur\'ilinear  coordi¬ 
nates  0'  we  note  that  coordinate  03  is,  roughly  speaking,  in  the  direction  of  the  lamination  stack 
up. 


Considering  the  conservation  of  mass  (17.1)i,  we  write 

^J,pda  =  0  J.  pa>'2dilidr|2  =  0 

or  in  view  of  (17.2)i; 


J.^pa>Wde2  =  0 


(17.3) 
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where  9  i,  0  2  are  appropriate  ranges  of  integration  within  the  region  ?Pof  the  composite  lam¬ 
inate.  We  now  integrate  both  sides  of  (17.3)  with  respect  to  0^  to  obtain 

4,  {^4  jQ^pa’^d0M02)d03  =  const.  (17.4) 

where  0  3  is  the  appropriate  range  of  integration  within  the  region  ^P.  Since  coordinates  0*  are 
convected,  and  since  the  quantity  independent  of  time,  we  obtain 

The  element  of  volume  in  terms  of  coordinates  0'  is 


dz/=g>/2d9'd0-d03  (17.6) 

where  g  is  the  determinant  of  the  metric  of  the  space  covered  by  the  coordinates  0’,  0^,  03.  We 
now  define  composiu  assigned  mass  density,  p,  such  that 


pgi/2  ^  pji/2  ^  j  ,  I p pjj-m 


P  =  p(0^t) 


(17.7) 


where  a  -  det  (a^^)  and  g  -detlg*).  Substituting  (17.7)  into  (17.5)  and  making  use  of  (17.6), 
we  obtain 


or 

^  4giVi^=0  (17.8) 

This  is  the  conservation  of  mass  of  the  composite  laminate.  From  (17.7)  it  is  clear  that  since 
pa’*^  is  independent  of  time,  it  follows  that  pg'*^  is  also  independent  of  time,  although  both  p 
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and  may  depend  on  t. 

Remark 

In  the  rest  of  this  section  we  will  frequently  need  to  perform  differentiation  with  respect  to 
both  coordinate  systems  Ti'  and  0‘  in  the  same  expression.  For  the  sake  of  clarity  in  such  occa¬ 
sions  we  will  use  lower  case  letters  to  designate  differentiation  with  respect  to  T1‘  coordiantes 
while  for  the  differentiation  with  respect  to  6*  coordinates  we  will  make  use  of  capital  letters. 
For  example,  T*',i  is  equal  to 

T*i .  -  ,  aT‘2  ^  aT'3  _  aT*^  ^  aT*^  ,  aT*^ 

aq'  aq2  aq3  aq'  aq2  "(5^ " 

while  a  is  equivalent  to 


ta  -  ^Ti  ^  aT2  ,  ai^ 

^  aF"’ae^^  aP' 

This  deviation  from  our  usual  notation  is  temporary  and  will  be  adopted  when  helps  to  clarify 
the  derivation. 

Next,  we  consider  the  conservation  of  the  linear  momentum  of  the  micro-structure,  i.e.. 


^  J .  P(V  +  y‘ W)da  =  J,  p  f  da  +  N  di 


(17.9) 


vhere 


pa'«f=/^p-bV>'2d^  +  |r3)’^ 
and  integrate  with  respect  to  0^  to  obtain 


(17.10) 


j-  {-^  + y'''')dfl}d0^  =  j_  {  l^p  f  dfl)d0^ j_  {  j^^Nd^ldO^ -I- const 
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We  require  that  in  the  absence  of  the  body  and  contact  forces  the  total  linear  momentum  of  the 
composite  laminate  must  remain  constant  at  all  times.  In  view  of  this  and  by  making  use  of 
(17.10)  and  the  fact  that  0^  is  a  convected  coordinate  we  rewrite  the  above  as 


or 


wfejsjs,  = J.  _  ( J  ^  p-b-g-i^d^  +  [rs]  ide'de^deJ 


L  f  .N“icxddde3 


or 


/^'pVg*''^d^jdt'-f-/^g-^'^  { J^r^sd^jdi/ 


or 


+  L  f.  f.  (ai/2N«)otdr|*dqW 


-hL  [_  [_  ( ['^r“ad^)deWde3 

•'0  3  ■'0  2  ■’01  ■’  O 

or 

Jyp(v  +  y’w)d^=  P*b*g^^^d^)dz'+  f  ^T*'_id^)di/  (17.11) 

where  in  the  above  derivation,  i.e.,  between  (17.10)  and  (17,1 1)  a  comma  denotes  differentiation 
with  respect  toTi*=  {q“,^).  Also,  in  obtaining  (17.11)  we  have  made  use  of  (17.7),  (17.10)  and 
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the  Stokes’  theorem.  We  now  define  the  composite,  assigned  Body  for  a  density,  b  and  the  composiu 
assigned  stress  vectorT'  such  that 


pgl/2b  =  |  p*b*g*’/2d^ 


(17.12) 


and^ 


T%  =  T\i  =  J^r\id^  (17.13) 

Substituting  (17.12)  and  (17.13)  in  (17.11)  we  obtain 

+  y^w)dv=  j^pbdp+  (17.14) 

where  a  comma  now  denotes  differentiation  with  respect  to  6‘  =  {6^  6^,6^}.  Making  use  of  the 
divergence  theorem  from  (17.14)  we  obtain 


JyP(v  +  yiw)dz/=J^pbdi/-(- J^^g'^'^T'^nAda  (17.15) 

where  n  =  n'g^  =  n;  •  g‘  is  the  outward  unit  normal  to  the  boundary  surface  ^!P.  Definining^ 


t  =  g-i/2TAnA  (17.16) 

as  the  composiu  assigned  traction,  we  obtain 

^  j^p(v  +  yiw)dt/=J^pbdz;-Hj^^tdc  (17.17) 

This  is  the  conservation  of  the  linear  momentum  for  the  composite  laminate. 

We  now  consider  the  conservation  of  the  director  momentum  of  the  micro-structure,  i.e.. 


|^(y'v-f-  y2w)da  =  j^(pi-m)dd-i- (17.18) 

'•2  See  remark  after  (17.8). 
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where 


p  1  =  J  p'b’gi/24d^  +  [T*3^] 


(17.19) 


and  integrate  with  respect  to  0^  to  obtain 


j-  {-^  j^p(y^v -I- y2w)dfl}d02  =  J_  {|,  pidfl}d0^  -  j_  {  j^mdfl)d0^ 


-h  f_  f  ,  Md^  d0^  const. 


We  require  that  in  the  absence  of  body  and  contact  forces  the  total  director  momentum  of  the 
composite  laminate  must  remain  constant  at  all  time.  Hence,  making  use  of  (17.19)  and  the  fact 
that  0^  is  a  convected  coordinate  we  reduce  the  above  as  follows: 


L  f.  [.  pa'^(y'v -t- y2w)dTiMri2d03  =  [.  f.  pa'/^ldilMTi^dO^ 

01  •Dt^ni'’v, 


Qj  •’nz  ''ni 


L  f.  f.  a’^mdT|'dTi^0^ 
•’e  j  •'tii 


+  f-  f.M“v„d5d03 


4 5  4  Jg  .  y2w)d9>de2d03  =  J_  {J^  pVg*>^^d^  +  [T*^^]  'pJ}d0>d0W 


+f-  l.M»i„did9’ 

-P 
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4-  y^w)dt'=  ^  pVg*^/2^d^}di/-  {J  ^  T*3d^)dt/ 

+Lg‘‘^  {J^(r34)3d^}dt. 

+  L  f.  f.  (a>/2M“)adTl>d7l2de3 

J0  3  <'Tl2  •’t), 

^  J^p(yiv  +  y2w)di/=J^g-i/2  {J^p*bY‘/2^d4)dz;- J^g-i/2{j^T*3d^)dz; 

+  Lg"‘^{JjT*3^).3d^)di/ 

or 

J^P(y'v  +  y2w)dt<=J^g-'®(  J^pVg'*'^5d4)d:’-J^g">'^  {  J^T’^d^jd!/ 

+  J^g-''^lJ  jri^),,d5)di^  (17.20) 

where  a  comma  refers  to  differentiation  with  respect  to  T|'  =  {ti“,^).  We  now  define  the  composite 
assigned  Body  coupCe,  C,  the  composite  intrinsic  dirutor  foru,  k,  and  the  composite  assigned  coupCe  stress 
vector.  S',  respectively,  by^ 


pgWc  =  J^pVg-l'2y^ 

(17.21) 

g07k  =  a'l^m  =  f  ^  T'ld^ 

J  0 

(17.22) 

s%=|Nr'4),dq 

(17.23) 

3  See  remark  after  (17.8). 
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Substituting  (17.21)  to  (17.23)  into  (17.20),  we  obtain 

p(y’v  +  y2w)di/=  j^(pc  -  k)dr+  (17.24) 

Making  use  of  the  divergence  theorem,  we  can  reduce  (17.24)  as  follows 

J^p(y'v-i-y2w)dz/=  J^(pc-k)dv+ j^^g'^/^S-^nAda  (17.25) 

Defining 


s  =  g'^/^S'^nA 


(17.26) 


as  the  composite  ccupCe  tractioiu  we  obtain 


J^p(yiv  +  y2w)di/=  J^(pc -  k)dr/-K  J^^sda 


(17.27) 


This  is  the  conservation  of  the  director  momentum  for  the  composite  laminate. 


Next  we  consider  the  conservation  of  moment  of  momentum  for  the  micro-structure,  i.e., 


J^p{r  X  (v  +  y^w)  -t-  d  X  (yW  -t-  y2w))da  = 


j.  p(r  X  f-*-  d  X  i)dd-t-  (r  x  N  -t-  d  x  M)d5  (17.28) 


and  integrate  with  respect  to  6^ 


P { ^  y'"')  +  d  X  (y'v  -I-  y2w))dfl  d0^  ^ 


f-  f,  p(r  X  f -I- d  X  I)dad0^ + 

^9  j  ■'y 


f_  f  (r  X  N -t- d  X  M)d5d0^  +  const. 

■’0  3  •’ay 

We  require  that  in  the  absence  of  body  and  contact  forces  the  angular  momentum  of  the  compo¬ 
site  laminate  must  remain  constant  at  all  times.  In  view  of  this  and  since  0-  is  a  convected  coor- 
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dinate,  we  may  write 


3 


J-  J- 


^4 


pa'^{r  X  (v  yiw)  +  d  x  (y^v  +  y2w)}dTi'dT|2d93  = 


f_  f.  f.  {r  X  (pa^'^f)  + d  X  (pa*'^i)}dTi’dri2d03 

■'0  J  •'tIi  ■'Til 


-t-L  f.  f.  (rxN“)Vadid03 

■'ej-'Tij-'Tii 


-I-  f.  f.  (d  X  M“)Vadj  d0^ 

•’8  3>'t12-'ti, 


or 


In  In  Is  X  (V -t- y'w)  +  d  X  (y*v  + v2w))d0M02d03  = 

UL  ^0  3  j  '0  I 


li ,  Je .  J§ ,  X  <  J  o  +  [T*’l  )  ide'dS^dS’ 

+  Je ,  Je  Je ,  ^  Ide'de^de’ 


+  1-  I-  f-  (a'/2rxNa)„d0’d0W-t- f-  L  [_  (a^^d  x  M“)  ad0M0W 

•'ej-'ej-'e,  •“  •'e3''02'’0i 


or 
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J^p{r  X  (V  +  yiw)  -t-  d  X  (yW  +  y^w))dv= J^p(r 


V  h  -I-  rt  y  rt 


-*-f_  L  L  (rx  f^r33d^)d0id02de3 

-t-L  L  L  (rx  f^r“d^)ad0id02d03 

Jo 

-i-L  [_  L  (dx  f^r34d^)3d0’d02d03 

-t-f_  L  [_  (dx  f^'T*“4d^)ad0>d02d03 


p(r  X  b  -t-  d  X  c)dv 


-i-|^g-i/2(rx  j^r^d^idt^ 

-t-J^g-’^(dxJ^ri^d^).idt/  (17.29) 

where  a  comma  denotes  differentiation  with  respect  to  ri'=  {ti“  ^).  Making  use  of  (17.13)  and 
(17.23)  we  can  rewrite  the  above  as; 

X  (v  +  y'w)  -I-  d  x  (yiy  +  y2w)}di^=  J^p(r  x  b  -t-  d  x  c)dr' 


j^g-i/2(r  xTA)  Adi/ 

J^g-i/2(dxSA)_Adr'  (17.30) 

where  a  comma  now  refers  to  differentiation  with  respect  to  0'  =  {0*, 0^,03)  coordinates.  Taking 
advantage  of  the  divergence  theorem,  we  proceed  to  reduce  (17.30)  as  follows: 
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X  (v  -f-  y'w)  -t-  d  X  (yW  4-  y2w))di'=  J^p(r  x  b  -t-  d  x  c)dv 

+  J^(r'^''xTA)iAdv 
+  xS^)iAdz^ 

=  Jp(r  X  b  +  d  X  c)di^ 

+L  g'*^r  T'^n^dc 

•<3? 

-t-j^^g"i/2d  X  S'^riAdfl 

Then  by  (17.16)  and  (17.26)  and  the  above  we  obtain 

J^p{r  X  (v  -t-  y%)  4-  d  X  (y*v  +  y‘^yi)]dv= 

J^p(r  xb-Hdxc)dv+J^^(rxt  +  d  xs)da  (17.31) 

This  is  the  conservation  of  the  moment  of  momentum  for  the  composite  laminate. 

Finally,  we  consider  the  conservation  of  energy  for  the  micro-structure,  i.e., 

J^p(e+  :^da  =  |^p(f  •  v  +  i  •  w)dd  + j^^(N  •  v-i-  M  •  w)d5  (17.32) 

We  recall  that  in  the  context  of  purely  mechanical  theory  E  =  e(T|“,t)  is  the  specific  internal 

A 

energy  while  represents  the  kinetic  energy  of  the  Cosserat  surface  (micro-structure)  in  the 
present  configuration  and  is  given  by 

!^=  y  (v  •  V  +  2y^v  •  w  +  y^w  ■  w)  (17.33) 

We  also  define  the  momentum  corresponding  to  the  velocity  v  and  the  director  momentum 
corresponding  to  w  by 
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P  ■^  =  pfv  +  yiw) 

A 

P  =  P(y‘v  +  yV) 

We  now  integrate  both  sides  of  (17.32)  with  respect  to  6^  to  obtain 

L  4- f.p(E-(- =  [_  [.p(rv-(-i  w)dflde3-h 

3  dt  Jy  JGj 


(17.34) 


f_  f  ,  (N  •  V M  •  w)dii0^ const.  (17.35) 

’’0  3  •’a? 

We  now  require  that  within  the  context  of  purely  mechanical  theory  and  in  the  absence  of  body 
and  contact  forces  the  total  energy  of  the  composite  laminate  must  remain  constant  at  all  times. 
In  view  of  this  and  since  0^  is  a  convected  coordinate,  we  may  write 

Left  hand  side  of  (17.,)5)  = [-  [.  [.  pa’^(e  +  l^dqMTi2d03 

at  ''e3’'Ti2'''ni 


""  kjeje,  (Pa'^e  +  pa^^^d0id02d03 


or 


Left  hand  side  of  (17.35)  =  4- f_  f_  L  (  [^^  p*g*'%*d^ -i- pg’^l^d0M0^d03  (17.36) 

dt  •'ej-'ejJe,  J  o  ^ 

where  in  obtaining  (17.36)  we  have  made  use  of  (15.27)  and  (17.  7).  We  now  define  the  compa- 
siu  assigned  strain  energy,  and  the  composite  assigned  kinetic  energy,  l^C^oth  per  unit  mass  of  the  com¬ 
posite  such  that 

pgi/2e  =  J^pYi/2£*d^  (17.37) 

%.=  -j  (v  •  V  -I-  2y’v  ■  w  -I-  y^w  •  \v)  (17.38) 

We  also  record  the  momentum  corresponding  to  the  director  velocity  w 


BAS 


-  100- 


p-|^  =  p(v  +  y*w) 

P  |^  =  P(y^v-hy2w) 

Substituting  (17.37)  and  (17.38)  into  (17.36),  we  obtain 

Left  hand  side  of  (17.35)  =  P(£  +  ^^di' 

Considering  the  right-hand  side  of  (17.35),  we  write 

Right  hand  side  of  (17.35)  =  f_  f.  f.  [(pa'^f)  •  v  -f-  (pa'^l)  •  wjdri’dTi^dG^ 

•'0  1  *'^2 

+L  f.  [.  [(N“Va)  •  V  -I-  (M“Va)  •  w]did03 
•'0  3  •'T12  •'ni 

rie , J'e  Je,  I  f  ! ^ 

■hJ-  j_  j_  {|^pV^^b*^d^-H[r^]^"^Vwd0>d02de3 

-f-L  f.  (i\«  •  V)iadad03  -t-  L  f.  (M«  •  W)iadad03 
■'ej"'?  ■'es-'y 

or 


(17.39) 


(17.40) 


BAS 


-  101  - 


Right  hand  side  of  (17.35)  =  p*g*’%*d^)  •  v  di^ 

+  (g~^^  j  p*g*i^b*^d^)  ■  w  dz^ 

+L  f.a-i/2{(ai/2Na .  v)a+  [T*]  •  v)ddd03 

^9 3^?  '  S=0 

j-  j^a-i/2{(ai/2M«  •  w),a  +  [T*^]  •  w}dc  d03 

=  J  I'  p*g’’%*d^)  •  V  +  (g-'^  }  p*g*’/2b*^d^)  •  w}di^ 

+  ■  na  +  l(}l'T*bd^)  ■  v))di; 

J^g-'^{[(  •  'v].a  +  [({I'  (r^^bd^)  •  w])dz^ 

or 

Right  hand  side  of  (17.35)  =  p*g*'^b*d^)  •  v  +  ( p*g*'^b*^d^  •  w)di^ 

+  [  g"*^(  T''id^)  •  vldz/ 

J-p  J  o  ' 

+  /yg''^{( /^J(T*-4)..d^)  •  wjdi/  (17.41) 

Making  use  of  (17.12),  (17.13),  (17.21),  (17.23)  and  the  divergence  theorem,  we  can  rewrite 
(17.41)  as  follows 
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Right  hand  side  of  (17.35)  =  J^p(b  •  v  +  c  •  w)dv 

+  •  v).Adr'+  ■  w).Adi/ 

=  J^p(b  •  v  +  c  •  w)dt^ 

+  •  v)iAdi'+ J^(g-i/2sA  .  w)iAdt^ 

=  j^p(b  •  v  +  c  •  vi)dv 
+  •  vnAdfl  + j^g"'^S‘^  •  wnAda 

=  j^p(b  ■  V  +  c  •  \v)di^+  •  vda  +  ■  w  (17.42) 

where  in  obtaining  (17.41)  we  have  also  made  use  of  (17.16)  and  (17.26).  From  (17.40)  and 
(17.42)  we  obtain 

jyP(£  +  i*Qdr=  di^=  j^p(b  •  V  +  c  •  w)dr^+  (t '  ’  w)da  (17.43) 

This  is  the  composite  conservation  of  energy  in  purely  mechanical  theory. 
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18.  Summary  of  basic  principles  for  composite  laminates 

Considering  the  development  in  the  previous  section,  we  are  now  in  a  position  to  state  the 
conservation  laws  (principles)  for  composite  laminates.  With  reference  to  the  present 
configuration,  these  conservation  laws  are  summarized  below: 

c:  p(y  *v +  y2w;dr^=J^  (pc- k)dz^+ da  (18.1) 

d  ;  (r  X  (v  +  y^w)  +  d  X  (y‘v  +  y2w))dr^= 

f  p(r  X  b  +  d  X c)di^+ L  (rxt  +  dxs)dfl 

e  ;  J^p(£  +  90dr'=  J^p(b  •  v -f-c  •  w)dr+|^^(t  •  v +  s  •  w)da 

The  first  of  (18.1)  is  the  mathematical  statement  of  conservation  of  mass,  the  second  that  of 
linear  momentum  principle,  the  third  that  of  director  momentum,  the  founh  is  the  principle  of 
moment  of  momentum,  and  the  fifth  represents  the  balance  of  energy  for  composite  laminates. 

In  (18.1)  r,  d  denote  the  position  vector  and  the  director  associated  with  a  composite  partkCe. 
respectively,  while  the  velocity  and  the  director  velocity  of  the  composite  particle  are  given  by  v 
and  w.  The  definition  of  the  various  field  quantities  in  (18.1)  and  their  relation  to  their  counter¬ 
parts  in  micro-structure  and  the  similar  three  dimensional  quantities  are  given  below. 

1 )  p  =  pf9',t)  is  the  composite  assigned  mass  density  in  the  present  configuration  given  by 
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where  in  (18.2)  p  is  the  mass  density  of  the  micro-structure,  p*  is  the  classical  3-dimensional 
mass  density,  g  is  the  determinant  of  the  metric  tensor  gy  associated  with  the  composite  coordi¬ 
nate  system  6*,  g*  is  the  determinant  of  the  metric  tensor  gj*  associated  with  the  micro-structure 
coordinate  system  t]'=  =  {9“4),  a  is  the  determinant  of  the  two-dimensional  (surface) 

metric  tensor  a^p  associated  with  the  Cosserat  surface  (micro- structure). 

We  notice  that  the  dimensions  of  p*  and  p  are  mass  per  unit  volume  and  mass  per  unit  area, 
respectively.  However,  the  dimension  of  p  is  the  dimension  of  integrated  mass  per  unit  volume 
of  the  composite. 

2)  b  =  b(9',t)  is  the  composite  assigned  Body  force  density  per  unit  of  p,  given  by 

p  gi/2b=  f^"p’g*>/2b*d^  (18.3) 

j  o 

where  b*  is  the  classical  3-dimensional  body  force  density.  The  dimension  of  b  should  be  clear 
from  (18.3). 

3)  C  =  C(9‘,t)  is  the  composite  assigned  Body  coupCe  density  per  unit  of  p,  given  by^ 

P  gh’2c  =  J^JpY>^b*^d^  (18.4) 

The  dimension  of  c  should  be  clear  from  (18.4). 

4)  t  =  t(9',t;n)  is  the  composite  assigned  traction  (per  unit  area  of  the  composite)  such  that^ 


t  =  g"*/^  T'n; 


(18.5) 


c  may  also  be  called  "composite  assigned  director  force”  emphasizing  the 
"directed"  nature  of  the  present  continuum  theory.  In  the  present  context,  howev¬ 
er,  we  prefer  the  terminology  in  3  above  as  it  makes  the  physical  nature  of  c  more 
apparent. 

^  The  nature  of  the  definition  (18.5)  and  (18.6)  as  well  as  (18.9)  and  (18.10) 
will  be  discussed  and  explained  in  section  (19). 
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T\i=f^ri.,d^  (18.6) 

T“  =  [  ^  T*“d^  =  a’/2N“  ( 1 8.7) 

T^3=r3,4^,-r3|4=o=Ar3  (i8.8) 

where  T*'  is  the  classical  stress  vector  and  N“  is  the  resultant  force  of  the  micro-structure  (i.e., 
Cosserat  surface).  We  also  recall  that  a  comma  on  the  left-hand  side  of  (18.6)  to  (18.8)  denotes 
partial  differentiation  with  respect  to  6'.  However,  a  comma  on  the  right-hand  side  of  (18.6)  and 
in  (18.8)  denotes  partial  differentiation  with  respect  to  T]'  =  {0“,^). 

5)  s  =  s(9‘,t;n)  is  the  composite  assigned coupU  traction  ^  per  unit  area  of  the  composite  such  that 


s  =  g“'^  S'nj 

(18.9) 

^  0 

(18.10) 

S“  =  |^T*“^d^  =  ai'^M“ 

(18.11) 

S3.3  =  (r3q),^^,  -  (T*3^),4=o  =  A(T*3£) 

(18.12) 

where  M“  is  the  resultant  couple  of  the  micro- structure  (i.e.,  Cosserat  surface)  and  the  same 
remark  as  in  (4)  above  holds  for  commas  and  panial  differentiation. 


6)  k  =  k(6‘,t)  is  the  composite  assigned  intrinsic  (director)  force,  per  unit  volume  of  the  composite, 
given  by 


gi/2k  =  a'^m=  f^r^d^  (18.13) 

^  O 


^  s  may  also  be  called  "composite  assigned  contact  director  force"  which 
reflects  the  "directed"  nature  of  the  present  theory.  However,  the  terminology 
given  in  5  reflects  the  physical  nature  of  s  more  clearly. 
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where  m  is  the  intrinsic  director  force  of  the  micro-structure  (i.e.,  Cosserat  surface). 

7)  ytt  _  ya(0i)  are  the  inertia  coefficients  which  are  independent  of  time  and  are  given  by 

(18.14) 

^  o 

8)  e  =  e(0',t)  is  the  composiu  assi£ned specific  inumd energy  per  unit  of  p  given  by 

p  gi/2g  =  p  ai/2£=  f  ^  p*g*i/2£*(j^  (18.15) 

J  0 

where  £*  is  the  classical  3-dimensional  specific  internal  energy  and  £  is  the  specific  internal 
energy  per  unit  p  for  the  micro-structure  (i.e.,  Cosserat  surface). 

9)  “Kf  ^^0‘.t)  is  the  composiu  assigned Iqnetic  energy  unit  of  p  and  is  given  by 

1?C=  -j  (v  •  V -I- 2y W  •  w y^w  w)  (18.16) 

M  A 

where  represents  the  kinetic  energy  per  unit  p  of  the  micro- structure  (i.e..  Cosserat  surface). 
The  momentum  corresponding  to  the  velocity  v  and  the  director  momentum  corresponding  to  \v 
are  given  by 


p-^  =  p(v  +  y^w)  (18.17) 

P  (18.18) 

For  simplicity  in  the  rest  of  this  development,  when  there  is  no  possibility  of  confusion,  we 
adopt  the  following  simplified  terminology: 

p:  "composite  mass  density" 

b;  "composite  body  force  density" 

c:  "composite  body  couple  density" 
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t:  "composite  traction" 

s:  "composite  traction" 

k;  "composite  intrinsic  force" 

£:  "composite  specific  internal  energy" 

"K  "composite  kinetic  energy" 
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19.  Considerations  on  composite  contact  force  and  composite  contact  couple 

In  this  section  we  discuss  the  physical  nature  of  some  of  the  field  variables  defined  in  sec¬ 
tion  (16)  and  recorded  in  section  (18). 

We  begin  our  discussion  by  considering  the  composite  contact  force  t,  and  recall  (18.5)  and 
(18.6),  i.e., 


and 


t  =  g-i^T'ni 


(19.1) 


T*A=T'.i=J  r'jdi 

^  O 


(19.2) 


Expression  (19.2)  may  be  rewritten  as 


T*A-f^r',id4=o 

or 

(T“  -  j  ^  T-«d^).a  +  (T  3  -  [T*3]  =  0  (19.3) 

Vo  ^=0 

We  now  identify  T“  as  follows 


T“=f'’'r“d£  (19.4) 

Vo 

From  (19.3)  and  (19.4)  we  obtain 

T,3  =  r3,^^,-r3|^^=Ar3  (19.5) 

It  is  clear  from  (19.4)  that  T“  =  (T',T^}  are  the  stress  resultants  in  the  directions  of  ga  =  {gi.gz)- 
In  other  words  the  composite  stress  vectors  T®  are  in  fact  the  stress  resultants  of  the  representa- 
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tive  element  (i.e.,  micro-structure).  Differentiating  both  sides  of  (19.4)  with  respect  to  we 
obtain 


axa  _  axa  003 

■ST'ir -ST' 

or 

T*«  =  T“  ^  =  1  TV  =  -I  T“  3  (19.6) 

where  (,^)  and  (,0^)  denote  parrial  differentiation  with  respect  to  ^  and  respectively,  and 
where  we  have  made  use  of  (17.2).  Expression  (19.6)  shows  that  T*“  are  the  derivatives  of  T“ 
with  respect  to  03  divided  by  e.  We  now  consider  (19.3)  and  write 

^  =  Ar3  =  1-3 -  r  3  (19.7) 

The  right-hand  side  (RHS)  of  (19.7)  can  be  written  as 


ir3-  E  _  (T-’52)w,-(r’42)5.o 

ai - - 52 - Jg3 -  (19.8) 

where  C2  is  associated  with  A03.  The  continuity  of  displacement  field  at  interface,  as  discussed 
in  section  25,  justifies  this  substitution.  Left-hand  side  (LHS)  of  (19.7)  can  be  written  as 


lim  lim  T3(03  +  A03) - T3(03) 

303  A03  AeJ-»0  A§3 


(19.9) 


Comparing  RHS  of  (19.9)  with  RHS  of  (19.8)  and  considering  the  continuity  constraints,  we  can 
associate  the  composite  stress  vector  T3  with  T*3^2.  i  e.. 


T3  =  ^2T'^  (19.10) 

This  shows  that  T3  is  proportional  to  the  interlaminar  stress  vector  of  the  composite  laminate.  In 
other  words,  T3  may  be  considered,  in  a  mathematical  sense,  as  the  resultant  of  interlaminar 


-  110- 


stresses  in  a  representative  element  across  the  planes  parallel  to  the  interface. 

Next,  we  consider  the  last  term  on  the  right-hand  side  of  (18.1)b  which  represents  the  total 
contact  force  on  the  part  fPof  the  composite  body.  Making  use  of  (19.1)  and  (19.2)  and  the 
divergence  theorem,  we  may  write 

t  da  =  r^^'nidfl  =  (g-^^V) ,  idv 

^Je.Je  Je, 

-  J§,  (g‘“'°T'‘)i lidK'Ide’ 

Hence, 


The  above  expression  relates  the  composite  stress  vector  to  that  of  the  representative  element.  In 
other  words,  (19.11)  is  a  relationship  between  the  stress  vector  of  the  micro-structure  and  the 
stress  vector  of  the  macro- structure  showing  that  the  total  contact  force  on  an  arbitrary  part  !Pof 
the  composite  laminate  is  in  fact  the  integral,  in  6^  direction  of  the  total  contact  force  on  the 
corresponding  part  !P*  of  the  micro- structure. 
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Next,  we  consider  the  composite  contact  couple  s,  and  recall  (18.9)  and  (18.10),  i.e.. 

s  =  g-i/2sini  (19.12) 

and 

S%  =  S>i=f^(T’i^)id^  (19.13) 

^  O 

The  above  expression  may  be  rewritten  as  follows 

S‘.i-f^(r‘^),d^  =  0 

o 

or 

[S“a  -  f  (T*“^).ad^]  -h  (S3,3  -  ^  (19.14) 

We  now  identify  S“  as  follows: 

Sa=  f'’'T*a£dE  (19.15) 

o 

From  ( 19.14)  and  (19.15)  we  obtain 

S3.3  =  (r3£j,^^^-  (T*3q)i^.o  =  A(r3^)  (19.16) 

It  is  clear  from  (19.15)  that  S“=  (S'.S^)  are  the  stress  couples  in  the  directions  of  ga=  {gi,g2). 
In  other  words,  the  composite  couple  stress  vectors  S“  are  in  fact  the  stress  couples  of  the 
representative  elements  (i.e.,  micro- structure).  Differentiating  both  sides  of  (19.15)  with  respect 
to  we  obtain 

_  9S°  993  _ 

or 
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T*“^  =  S“4=-^SV  =  7S“3  (19.17) 

where  (,^)  and  (,0^)  denote  partial  differentiation  with  respect  to  ^  and  0^,  respectively,  and 
where  we  have  made  use  of  (17.2).  Expression  (19.17)  shows  that  (T*“^)  are  the  derivatives  of 
S“  with  respect  to  0^  divided  by  e.  We  now  consider  (19. 16)  and  write 

||^=A(T-3a  =  <r3^),5^.-(T-3^),5rt  =  J^^^^<l4  (19.18) 

By  differentiating  with  respect  to  ^  we  obtain 


3253  _  3(T*3£) 


Making  use  of  (16.2)  we  may  write 


(19.19) 


3  a(r3^) 

ap-^"  a^ 


or 


=  (19.20) 

We  now  integrate  the  above  with  respect  to  ^  to  obtain 

e.^  =  r3^  +  Dj  (19.21) 

Assuming  that  for  the  unstressed  state  both  T*'  and  S'  and  their  space  derivatives  vanish,  we  can 
put  Di  =  0  and  write  (19.21)  as  follows: 

(19.22) 

dq  e 

where  Ei  is  now  a  function  of  t  and  we  have  Ej  «  1.  We  now  integrate  the  above  with  respect 
to  t  and  obtain 

BASE 


-  113- 


S^  =  j^l(T*^^)d^  +  D2  (19.23) 

This  is  valid  for  all  times,  and  in  particular  must  be  valid  for  the  stress  free  state;  hence,  D2  =  0. 
Then  by  the  mean  value  theorem  for  integrals  we  may  write 


S3=l(42-0)(r3^)=1^2T*3^ 


(19.24) 


Since  the  composite  laminate  is  assumed  to  be  composed  of  infinitely  many  Cosserat  surfaces  in 
the  limit  we  have  e  0,  ^2  ^  0.  f  ^  0  and 


S3  = 


lim  _ 

»0,^— >0.e-40 


[-i^2r3^]  =  o 


(19.25) 


Expression  (19.25)  shows  that  the  component  of  the  contact  couple  s  is  identically  zero  for 
the  composite  laminate.  Next,  we  consider  the  last  term  on  the  right-hand  side  of  (18.1  )c  which 
represents  the  total  contact  couple  on  the  part  IP  of  the  composite  body.  Making  ue  of  (19.22), 
(19.13),  (19.1)  and  the  divergence  theorem,  we  may  write 
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L*  <*“= Jj,r''^Sinidfl= J^(g-‘«S')iidK 

= r  idy= r''^(  J  (T-i^jd^  Idi' 

=  |_jj^g*-'^(r'^.dz;*)de3 
=  j_jj^  (g--i/2r‘^)i,idi;*)de3 
=  J5jl3^g*-’''(T*‘^)nrda-)d03 

Hence 


f  sdfl=f_  (f  t*^do*)d03  (19.26) 

Jd'P  JQy  Jd'f 

This  expression  relates  the  composite  contact  couple  to  the  stress  vector  of  the  representative 
element.  In  other  words,  (19.26)  is  a  relationship  between  the  stress  vector  of  the  micro¬ 
structure  and  the  stress  couple  vector  of  macro-structure  showing  that  the  total  contact  couple  on 
an  arbitrary  pan  !Pof  the  composite  laminate  is  in  fact  the  integral,  in  03  direction,  of  the  total 
moment  of  the  contact  force,  in  ^  direction  on  the  corresponding  pan  !P*  of  the  micro-structure. 

Conditions  (19.2)  and  (19.13)  or  equivalently  (19.11)  and  (19.26)  stipulate  that  the  action 
of  T'  and  S'  over  a  ponion  of  surface  BT,  with  outward  unit  normal  n,  of  the  composite  laminate 
is  "equipolent"  (i.e.,  equivalent  in  effectiveness)  to  the  action  of  the  stress  vector  t*  over  the 
corresponding  ponion  of  the  surface  B(F,  with  outward  unit  normal  n*,  of  the  representative  ele¬ 
ment  (i.e.,  micro-structure). 
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20.  Further  consideration  of  the  composite  conservation  laws. 

In  this  section  we  proceed  to  obtain  different  froms  of  the  basic  principles  for  the  composite 
laminate,  namely  expressions  (18.1).  The  derivation  of  the  alternative  forms  of  these  equations 
may  be  carried  out  using  either  Eulerian  or  convected  coordinate  systems.  For  our  present 
development  the  use  of  a  convected  coordinate  system  simplifies  the  intermediate  manipulations 
considerably.  For  an  extensive  discussion  on  convected  coordinates,  the  reader  is  referred  to 
[Oldroyd,  1950]  and  [Lodge,  1974]  where  formulae  for  differentiation  with  respect  to  time  and 
various  additional  results  can  be  found.  It  is,  however,  instructive  to  carry  out  the  derivation  by 
direct  differentiation,  with  respect  to  time,  of  the  integrals  on  the  left  hand  sides  of  (18.1).  Here 
we  adopt  this  mode  of  derivation  to  derive  the  transport  theorem  in  terms  of  convected  coordi¬ 
nates. 

Let  IP  be  an  arbitrary  pan  (or  subset)  of  the  laminated  composite  body  CB  with  a  closed 
boundary  surface  dT  in  the  present  configuration  at  time  t.  The  counterpans  of  !P  and  in  a 
fixed  reference  configuration  will  be  denoted  by  and  d%,  respectively.  Let  <J)  be  any  scalar  or 
tensor-valued  field  with  the  following  representation  in  the  present  configuration  at  time  t: 


and  consider  the  volume  integral 


({)  =  (!)(0',t) 


(20.1) 


/=J^<)(0‘,t)di^  (20.2) 

Often  we  encounter  an  expression  of  the  type  (20.2)  and  we  need  to  calculate  its  time  derivative 
Since  0‘  are  convected,  we  may  write 
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#  =  -i  T  Is.  Is ,  4 . 


=  4JeJe.W<^S‘«)d9>d9W 


=  j-  f-  f-  {(i)g*^-Kj)(g’/2))de'd0W 

^03^02^01 


=  [_  [_  J_  {({)g“i^-(-<t>(-y  gi/2g)|d6id0^d6^ 

*^0  3  ^0  2  ''0  ’  ^ 


(20.3) 


where  in  (20.3),  0i,  02,  03  denote  appropriate  ranges  of  integration  for  variables  0'.  Making  use 
of  the  divergence  theorem  we  can  write  (20.3)  in  the  form 


^  =  4-  k<'(®'d)d^= k ^  d.;+  4^0  V  ■  n  da 


_  f  9(1) 


(20.4) 


We  now  consider  the  conservation  of  mass  (18.1)a  and  write 


^J,pd^=k<p  +  :^p)d!'=o 


(20.5) 


This  must  be  valid  for  any  pan  !P,  hence,  assuming  that  p  is  continuously  differentiable  we 
obtain 


p  +  Xp  =  0 


(20.6) 


where  in  obtaining  (20.5)  we  have  made  use  of  (20.3).  Equation  (20.6)  is  the  local  form  of  the 
continuity  equation  for  composite  laminates. 


Next  we  consider  the  conser\'ation  of  linear  momentuni  (18,1  )b,  i.e.. 
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+  y*w)(lv=  j^p  b  dr/+  da  (20.7) 

Considering  the  left  hand  side  of  (20.7)  and  making  use  of  (20.3)  we  can  write 
Left  hand  side  of  (20.7)  =  |^  {[p(v  +  y*w)]  [p(v  +  y*w)]}dt^ 

=  {p(v  +  y^w)  +  p(v  -I-  y'w)  +  ^  p(v  -i-  y^w)}di^ 

=  |^{(p  +  ^)(v-hy’w)-(-p(v-i-y'w))di/  (20.8) 

Substituting  (20.8)  into  (20.7),  we  obtain 

j^p(v  +  y^w)di^=  l^p  b  dv+  dc  (20.9) 

where  we  have  also  made  use  of  (20.6). 

Adapting  the  same  approach  we  consider  the  conservation  of  director  momentum  (18.1)c 
and  we  write 

|^p(y'v  +  y2w)di^=  “  k)di^+  da  (20.10) 

or 

J^{[p(y'v  +  y2w)]  +  ^  [p(y'v-i-y2w)])dx;=  j^(pc-k)di/+  j^^sda 
or 


j  {p(y'v  +  y^w)  -I-  p(y'v  +  y^w)  +  p(y'v  +  y2w))dz^=  j^(pc  -  k)di'+  da 


or 


j^iip  +  p)(y'v -I-  y^w)-!-  p(y'v -I- y2w))dt'=  j^(pc -  k)di'+  da 
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or 

J^p(y'v  +  y2w)dt'=  J^(pc-k)dt'+ J^^sdfl  (20.11) 

where  in  obtaining  (20.1 1)  we  have  made  use  of  (20.6). 


Next,  we  consider  the  conservation  of  linear  momentum  (20.1)d,  i.e., 
jyP{r  X  (v  +  y^w)  +  d  X  (y^v  +  y2w))di/=  J^p(r  x  b  +  d  x  c)di^ 

=  j^^(r  X  t  +  d  X  s)da  (20.12) 

Following  the  same  procedure,  we  can  reduce  the  left  hand  side  of  (20.12)  as  follows: 

Left  hand  side  of  (20.12)  =  P  r  x  (v  +  yiw)di'+  j^P  ^ 

=  I  {[p  r  X  (v-t-  y’w)]  +  -^  [p  r  X  (v  +  yiw)])dt/ 

J'P  zg 

+  j  {[p  d  X  (y*v  +  y^w)]  +  [p  d  x  (yW  +  y'^'w)]]Av 
=  {p  r  X  (v  +  y*w)  +  p[r  x  (v  +  y%)]  +  p  r  x  (v  -i-  y'w)}dr^ 


+  {p  d  x  (yW  +  y^w)  +  p[d  X  (yiy  +  y^w)]  +  p  d  x  (yiy  +  y^w; Id: 
=  J  {(P  +  P)[r  X  (v  +  y’w)]  +  p[r  X  (y  -I-  yUv)]  }di^ 


+  {(p  +  ^  p)[d  X  (yiy  +  y^w)]  +  p[d  x  (yiy  +  y‘w)]  +  p[d  x  (y'y  -  \  -\n  i] 


=  j^plr  X  (y  +  y*w)]di/+  J^p[d  x  (yiy  +  y2w)]dz^ 
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Left  hand  side  of(20.12)  =  j^p{r  x  (v  y'w)-i-  r  x  (v -t-  yiw))di/ 

+  J^p  {d  X  (y^v  -^  y^w)  -J-  d  x  (y'v  -i-  y'^w)}di> 

=  J^p{r  X  (v  +  y*w)  4-  d  X  (y^v  +  y^w)]dv 

+  J^p  (v  X  (v -»-y*w)  +  w  X  (y^v -I- y2w))dz^  (20.13y 

where  in  obtaining  (20.13)  we  have  again  made  use  of  (20.6)  and  the  fact  that 


r  =  V  ,  d  =  w 


(20.14) 


Since 


vxv=0  ,  wxw=0 


(20.15) 


and 


vxH'  =  -wxv  (20.16) 

The  second  integral  in  (20.13)  vanishes  identically;  hence,  after  substituting  the  result  in  (20.12), 
we  obtain 

P  {r  X  (v'  +  y’w)  +  d  X  (yiv'+  y-w))dr;=  J^p(r  x  b  -i-  d  x  c)di/-i-  J^^(r  x  t  -i-  d  x  s)da  (20.17) 
Finally,  we  consider  the  conservation  of  energy  (18.1)e,  i.e., 

'3i  0(}dv=  |^p(b  •  V  c  •  w)dr^-i-  J^^(t  •  v  -i-  s  •  w)da  (20.18) 

and  write 
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Left  hand  side  of  (20.18)  =j  {[p(2:+901  +  -i-[p(£+  ^]}dv 

=  J^{p(£-»-?0  +  p(2:+!?Q  +  -^p(2;+  ^]dv 
Left  hand  side  of  (20.18)  =  J^  {(p p)(£+  0Q  +  p('E+  j<^]dv 

=  J^p(i:-i- :^dy  (20.19) 

where  in  obtaining  (20.19)  we  have  again  made  use  of  (20.3)  and  (20.6).  Substituting  (20.19) 
into  (20.18),  we  obtain 

[  p(‘E+ {  p(b  •  v-(-c  •  w)di^-i- f  (t  ■  v -i- s  •  w)da  (20.20) 

Jrp  Jip’ 

For  convenience  and  later  use,  below  we  summarize  the  results  of  this  section: 
a:  pH-.^p  =  0 

b  :  J_pP(v  +  y'w)di/=|^pbdi^-i-J^^tda 

c;  |^p(yK'  +  y2w;dz/=|^(pc-k)dr^+J^^sda  (20.21) 

d  :  J^p{r  X  (v y^w) ->■  d  X  (y’v -I- y‘w))di'=  J^p(r  X  b  +  d  X  c)di/-i- j^^(r  X  t  +  d  X  s)da 
e  :  j^p(£+ l^dr'=  J^p(b  •  v  +  c  •  w)dr^-i- j^^(t  •  V  4- s  •  w)da 
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21.  Further  consideration  of  composite  contact  force  and  composite  contact  couple 

a)  Existence  of  the  composite  stress  tensor  and  its  relationship  to  composite  stress  vector 

Consider  an  arbitrary  part  of  the  composite  laminate  which  occupies  a  region  !P  in  the 
present  configuration  at  time  L  Let  fPbe  divided  into  two  regions  !P],^P2  separated  by  a  surface, 
say  a  (see  figure  5).  Further,  let  refer  to  the  boundaries  of  (P,fPi,ip2,  respectively;  and 

let 

=  ,  dTi  =  dT2r\dT  (21.1) 

Thus,  a  summary  of  the  above  description  is  as  follows: 

<2=  TxkjTj  ,  9!?=  9^  u 9^2 

(21.2) 

9lPi  =  92’i  u  o  ,  9!p2  =  92^2  o 
We  recall  the  principle  of  linear  momentum  in  the  form 

J^p(v  -I-  y'\V)dr'=  J^pbdi/+  J^^t(n)da  (21.3) 

The  above  holds  for  any  arbitrary  part  of  the  body  including  !Pi,2’2  ^^d  T.  Application  of  (21.3) 
to  2’],5’2  and  S’ yields 


p(v  y'w)dz/=  pbdi/+  t(n)da 

(21.4) 

p(v  -1-  y‘w)di^=  P  b  t(n)da 

(21.5) 

j^p(v  +  y’w)dr=  J^p  b  dr'+  j3yt(n)do 

(21.6) 

We  notice  that  if  n  is  the  outward  unit  normal  at  a  point  on  a  when  o  is  a  portion  of  92*1.  the  out¬ 
ward  unit  normal  at  the  same  point  on  a  when  a  is  a  portion  of  dTi  is  -n.  Subtracting  (21.6) 
from  the  combination  of  (21.4)  and  (21.5),  we  obtain 
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f  {t(n)-»-t(-n))da=0  (21.7) 

over  the  arbitrary  surface  a.  Assuming  that  the  composite  stress  vector  is  a  continuous  function 
of  position  and  n,  it  follows  that 

t(n) t(-n)  =  0  (21.8) 

or 

t(0',  t;  n)  =  -t(6',  t;  -n)  (2 1 .9) 

According  to  the  result  (21.9),  the  composite  stress  vector  acting  on  opposite  sides  of  the 
same  surface  at  a  given  point  are  equal  in  magnitude  and  opposite  in  direction.  This  is  the 
counterpan  of  Cauchy’s  lemma  in  the  classical  theory. 

Consider  an  arbitrary  pan  Tof  the  composite  laminate  in  the  present  configuration  at  time  t 
which  occupies  the  region  i?^in  the  space  covered  by  the  coordinates  0*.  Consider  some  interior 
macro -particU  P  of  iP  having  the  position  vector  r  and  the  director  d  (note  that  the  panicles  of  the 
composite  laminate  are  not  like  ordinary  particles  in  the  sense  of  classical  continuum  mechan¬ 
ics).  We  construct  at  P  a  curvilinear  tetrahedron,  lying  entirely  within  and  in  such  a  way  that 
the  side  i  (i  =  1,2,3)  is  perpendicular  to  the  coordinate  direction  0'  and  the  inclined  plane  with 
outward  unit  normal  n  falls  in  the  octant  where  0^0^,0^  are  all  positive.  This  means  that  the 
edges  of  the  tetrahedron  are  formed  by  the  coordinate  curves  PPj  of  length  dJi  (see  figure  6).  We 
refer  to  the  side  i  of  the  tetrahedron  by  o,  and  to  the  inclined  plane  by  fl,  respectively.  Now  we 
recall  that 

d^i  =(gid0>  ■  gid0‘)‘^  =  (gi  •  gi)’^d0'  =  (g,,)’^d0' 

^■^2  =  (g2d0^  •  g2d0^)’^  =  (g2  ■  g2)’^d0^  =  (g22)*'^d0^  (21.10) 

dS2  =  (g3d03  ■  g3d0^)’/2  =  (g3  .  g3)l/2d03  =  (g33)l/2de3 

where 
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PPi  =  gid0*  (no  summation  on  i) 

Moreover, 

dfli  =  1  g2d02  X  g3d0^  I  =  -j  I  g2  X  g3 1  d0^d0^  =  -j  I  g'^g*  I  d02d0^ 

=  (g’^xg*  •  gi)i/2de2de3  =  ^  (ggii)i/2d02de3 

In  vector  form  we  may  write 

dS]  =  -y  (g2d0^  X  g3d03)  =  g'/2d02d03gl  =  (gH)-'/2d^]gl 

Similarly  we  obtain 

dfl2=  -j  (gg^^)’^d0'd03 

da2  =  (g^)"'^d,S2g^ 
and 

dfl3  =  -y  (gg33)i/2d0id02 
da3  =  (g33)-l/2d^g3 

For  the  inclined  surface  we  have 

dc=  -j  1  P3P1  X  P3P2I  =  -j  !  (gid9'  -  g3d03)  X  (g2d03  -  "3003)  | 

=  7  I  (gl  X  g2)d0>de3  -  (gi  X  g3)d9ld03  -  (g3  X  g2)d93d03  I 

=  1  (g)'^g3d91d03  +  (g)'^g2d9'd03  -t-  (g)>^gld92d03  I 

=  4-  I  (g’T’^dJig'  (g22)-l/2d;52g"  +  (g”)-’^dj3g3  ' 

=  Ida]  -(-da2  +  dail 


(21.11) 


(21.12) 


(21.13) 


(21.14) 


(21.15) 


(21.16) 
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In  vector  form  we  may  write 

da  =  (da)n  =  (da)nig‘  =  (da)(nig')  +  (da)(n2g2)  +  (da)(n3g‘) 

=  (g'^r'-^daigi  +  (g22)-i/2da2g^  +  (g33)-i/2da3g3  (21.17) 

where  n  =  nig'  is  outward  unit  normal  to  da.  From  (21.17)  we  may  write 

daj  =  ni(g“)'^  da  (no  summation  on  i)  (21.18) 

We  also  recall  that  the  volume  of  the  tetrahedron  is  given  by 

dv=  (dh)n  ■  da  =  dh(n‘g,)  •  ((da)njgJ)  =  (dh)(da)n'nj  •  6'j  =  (dh)(da)n'ni  (21.19) 
where  dh  is  the  height  of  the  tetrahedron. 

We  now  recall  the  principle  of  linear  momentum  in  the  form  of  (20.2  l)b  and  apply  it  to  the 
tetrahedron  under  consideration;  hence,  we  write 

|^p(v  +  y‘w)dz/=  J^p  b  dP+  da 
or 

1  [  (p(v  +  v’w)  -  pb}dh  da  =  [  (da-f  tidaj  -  [  t2da2  -  [  t7da3 

'h  ^ai  ^a? 

or 

f  dh  [  {p(v  +  y'w)  -  pbjda  =  f  t  da  -  [  tini(g’')'^da 

•'a  •'a  ^'a 

-f  t2n2(g^^)’'^da- J  t3n3(g33)i/2da 

•'a  *'3 

or 

dh  (p(v  + y‘\V)-pb)da=  tinilg'O’^^Ida  (21.20) 

where  in  obtaining  (21.20)  we  have  made  use  of  (21.18). 
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If  we  let  h  — >  0,  we  obtain 


J,  tin,(g“)’/2)da  =  0 

Since  this  must  hold  for  any  arbitrary  surface  a,  we  conclude 


(21.21) 


t 


t,n,(g“)i/2 


(21.22) 


Since  under  general  transformation  of  coordinates,  t  is  an  invariant  and  n,  is  a  covariant  vector,  it 
then  follows  that  t,(g‘')*'^  transforms  according  to  a  contravariant  type  of  transformation.  We 
may  therefore  write 


ti(g‘‘)'^  =  t'Jgj  =  T‘jgJ  (21.23) 

where  I'J  and  t'j  are  contravariant  and  mixed  components  of  the  second  order  tensor  which  we 
call  the  composite  assignee^ stress  tensor  or  simply  the  composite  stress  tensor.  Combining  (21.22)  and 
(21.23),  we  can  now  write 


t  =  x'-'n,gj  =  T' n;  (21.24) 

where  we  have  made  use  of  (19.1).  We  also  notice  that  by  (21.22)  and  (21.24)  we  have 

T'  =  (gg“)''^ti  (no  summation  on  i)  (21.25) 

and 

P  =  gi/2xijgj  (21.26) 

b)  Existence  of  the  composite  couple  stress  tensor  and  its  relation  to  composite  couple  stress 
vector. 

We  now  recall  the  conservation  of  director  momentum  in  the  form 
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J^p(y^v  +  y2w)dv=  |y(pc  -  k)di/-t-  J^^s(n)da 

(21.27) 

This  holds  for  any  arbitrary  part  of  the  body.  With  reference  to  figure  (5) 

!Pi,!p2  and  !Pto  obtain 

we  apply  (21.27)  to 

p(y'v  +  y'^w)dv=  (pc  -  k)dv+  s(n)da 

(21.28) 

p(y*v  +  y2w)di/=  (pc  -  k)dv+  s(n)da 

(21.29) 

J^p(y’v  +  y'^\v)dv=  j^(pc  -  k)dt'+  J^^s(n)da 

(21.30) 

Recalling  the  remark  made  after  (21.6),  we  subtract  (21.30)  from  the  combination  of 
(21.28)  and  (2 1 .29)  to  obtain 


f  {s(n)  +  s(-n))da  =  0  (21.31) 

over  the  arbitrary  surface  o.  Assuming  that  the  composite  contact  couple  s  is  a  continuous  func¬ 
tion  of  position  and  n,  it  follows  that 


s(n)  =  -s(-n)  (21.32) 

or 

s(0',  t ;  n)  = -s(0\  t ; -n)  (21.33) 

According  to  the  result  (21.33),  the  composite  couple  stress  (contact  couple)  vector  acting  on 
opposite  sides  of  the  same  surface  at  a  given  point  are  equal  in  magnitude  and  opposite  in 
direction. 

We  recall  the  principle  of  director  momentum  in  the  form  (20.2 l)c  and  apply  to  the 
tetrahedron  in  figure  (6);  hence,  we  ^vTite 


BAS 


-  127- 


or 


J5,P(y*v  +  y^w)dv=  j^(pc  -  k)di/-h  j^^sda 


f  f  {p(v  + y^w)-(pc-k))dhda=  f  sda- [  Sidai  -  [  S2ds2-j  S3ds3 

^83 

or 

dh  {p(v  +  y^w)  -  (pc  -  k)  jda  =  sda  -  Sini(g’*)''^da 

-  S2n2(g22)'^da  -  S3n3(g33)i/2da 

or 


f  dh  f  {p(v-(-y’w)-(pc-k))da=  f  {s  -  V  s,ni(g“)’'^)da  (21.34) 

J  h  J  a  J  a 

where  in  obtaining  (21.34)  we  have  made  use  of  (21.18).  If  we  let  h  0,  we  obtain 


Ja  {s-^^Sini(g“)>^)da  =  0 

Since  this  must  hold  for  any  arbitrary  surface  we  conclude 


(21.35) 


s  = 


s,ni(g“)'^ 


(21.36) 


Since  under  general  transformation  of  coordinates,  s  is  an  invariant  and  nj  is  a  covariant  vector,  it 
then  follows  that  s,(g")^'^  transforms  according  to  a  contravariant  type  of  transformation.  We 
may  therefore  write 


S,(gii)I/2_sijgj  =  s'jgJ  (21.37) 

where  s'-*  and  s'j  are  contravariant  and  mixed  components  of  the  second  order  tensor  which  we 
call  the  composite  assigned  coupU.  stress  tensor  or  simply  the  composite  couple  stress  tensor.  Combining 
(21.36')  and  (21.37),  we  can  now  write 
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s  =  s'Jnigj  =  g-J^S'Hi 

where  we  have  made  use  of  (19.12).  We  also  notice  that  by  (21.35)  and  (21.38),  we 
write 


S'  =  (gg“)'^i  (no  summation  on  i) 


and 


S'  =  g’^s'jgj 


Recalling  (19.25),  we  have 


g’^sBjgj  =  0 

Since  g  0  and  since  gj  are  linearly  independent  vectors,  we  arrive  at 


s^-i  =  0 


(21.38) 
can  now 


(21.39) 


(21.40) 


(21.41) 
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22.  Basic  field  equations  for  composite  laminates 

In  this  section  we  derive  the  basic  field  equations  for  a  composite  lamianie  from  the  conser¬ 
vation  laws  of  section  (20).  The  local  form  of  the  conservation  mass  has  already  been  obtained 
and  we  just  rerecord  it  here  for  completeness 

p  +  .^p  =  0  (22.1) 

In  the  rest  of  this  section  we  shall  be  concerned  with  the  remaining  four  conservation  laws 
(20.2  l)b  to  (20.2 l)c.  First  we  deduce  the  basic  field  equations  in  vector  form  using  an  invariant 
vector  notation,  and  subsequently  we  reduce  these  equations  in  terms  of  tensor  components. 

a)  General  field  equations  in  vector  form: 

To  Stan  we  consider  the  conservation  of  linear  momentum  (20.2  l)b  and  make  use  of 
(21.24)  to  write 


or 


J^p(v  4-  y*w)di^= 


J^plv  +  y>w)dK=  J^p  b  di'+ 
This  with  the  help  of  the  divergence  theorem,  i.e.. 


f  T‘iidi/=[  T'Ujda 
J'P  JdT 

and  the  identity 


may  be  reduced  as  follows: 


gl/'2T.„  =  (gl/2Ti)_, 


(22.2) 


(22.3) 


(22.3) 


BASE 


-  130- 


J^p(v  +  y^w)di^=  J^p  b  J^P  b  dv+  j^g  T’j  dv 

or 


J5)  T*_i  -H  p  b  -  p(v  +  y^w)}di^=  0  (22.4) 

Since  this  must  hold  for  all  arbitrary  parts  !?  of  the  composite  laminate,  under  the  usual  con¬ 
tinuity  assumption,  we  obtain 


g-1/2  ji .  4.  p  b  -  p(v  -I-  y'w)  =  0 


or 


T‘.i  +  p  b  =  pg'^(v -I- y^w)  (22.5) 

which  is  the  local  form  of  the  conservation  of  linear  momentum. 

Next  we  consider  the  conservation  of  director  momentum  (20.21)c  and  make  use  of  (21.38) 
to  svrite 


J^p(y’v  ■¥  y2w)dr'=  |^(pc  -  k)dz^-)-  da=  J^(pc  -  k)di^-i-  S‘  njda  (22.6) 

Recalling  the  divergence  theorem  in  the  form 

[  S‘iidi/=f  S'n,dc  (22.7) 

jf  Jd'p  ' 

and  the  identity 


gi/2Si|,  =  (gi/2Si).,  (22.8) 

we  can  reduce  (22.6)  as  follows: 

J^p(y'v  -I-  y2w)di^-  J^(pc  -  k)dt^=  j^(g~’'^S')ii  di^=  ,  dr' 
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or 

jj,  +  (pc  -  k)  -  p{y'v  +  y2w)}di^=  0  (22.9) 

This  is  valid  for  all  arbitrary  parts  iPof  the  composite  laminate;  thus,  under  the  usual  continuity 
assumption  we  obtain 

+  (pc  -  k)  -  p(y'v  +  y^w)  =  0 
or 


S‘,i  +  g'^’^Cpc  -  k)  =  pg’^(y^v  -I-  y‘w)  (22.10) 

This  is  the  local  form  of  the  conservation  of  director  momentum. 


Considering  the  conservation  of  moment  of  momentum  (20.2  l)(i,  making  use  of  the  diver¬ 
gence  theorem  and  the  tensor  identity  of  the  form  (22.3),  we  may  write 

J^p{r  X  (v  +  y^w)  +  d  X  (y'v  +  y2w))dt/-  J^p(r  x  b  -t-  d  xc)dt^=  j^^(r  x  t  +  d  x  s)do 


X  g~''  -  S'n.dti 


=  r  X  T‘)iidi^-(-  j^(g“’'^d  X  S')  ,dz' 

=  j^g"'^(r  X  T')_idr^+ J^g~'^(d  xS'j  ,d:' 


or 


Jy  T')_i  -I-  (d  X  SO.i]  +  p[(r  x  b)  +  (d  x  c)]  -  p[r  x  (v  -f  y'w)  -i- 


d  X  (y’v  +  y2w)])dr^=  0  (22.11) 

This  must  hold  for  all  arbitrary  parts  (Pof  the  composite  laminate;  hence,  assuming  the  usual 
continuity  assumption  we  may  write 
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X  T').i  -I-  (d  X  S'XJ  +  p[(r  x  b)  +  (d  x  c)]  -  p[r  x  (v  -i-  y'w)  -i- 

d  X  {y^v -I- y^w)]  =  0  (22.12) 

This  may  be  further  reduced  as  follows: 

{ (r i  X  T* -f- r  X +  pg'^(r  x  b) -  pg'^r  x  (v  +  y* w) }  + 

{(d.i  X  S'  +  d  X  S\i)  +  pg^^id  X  c)  -  pg'^d  x  (y'v  -i-  y^w)}  =  0 
or 

(r  i  X  T')  +  (d,i  X  S')  -t-  r  X  {T'  ^  -i-  pg^^b  -  pg’^(v  +  y'w)}  +  d  ,  x  S'  -f- 

d  X  {S',i  -t-  g*^(pc  -  k)  -  pg'/2(y2v  +  y2w))  +  g'^d  X  k  =  0  (22.13) 

Making  use  of  (22.5)  and  (22.10),  we  obtain 

giXT'  +  d.ixS'  +  gi/2dxk  =  0  (22.14) 

where  we  have  also  used  the  fact  that  r,,  =  gi.  Expression  (22.14)  is  the  local  form  of  the  conser¬ 
vation  of  moment  of  momentum  and  is  the  counterpart  of  the  equation  for  symmetry  of  stress  in 
the  classical  continuum  mechanics. 

Finally,  we  consider  the  conservation  of  energy  (20.2  l)e  and  following  the  same  procedure 
we  obtain  the  local  form  of  the  principle  of  balance  of  energy  as  follows 

j^p(‘£+  !?Qdv=  p(b  •  V  -h  c  ■  w)di^+  J^^(t  •  v  -i-  s  ■  w)da  (22.15) 

We  consider  each  term  of  (22.15)  individually 
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(t  •  V  s  •  w)da  =  T‘  •  V  nj  dfl  +  S‘  •  w  iij  da 

=  T'  •  v),idz;+ j^(g-‘/2S'  •  w)iidz^ 

=  Jygr*^(T‘  •  v)  idr-H  J^gr’^(S'  •  w).idL' 

=  J^g(T\iV  +  T*  •  v_i)dv+  |yg”'^(S*,i  ■  w  +  S'  •  W  i)dz^ 
where  we  have  made  use  of  the  divergence  theorem.  Moreover, 

j^p('E+  !^dr'=  j^p  ‘ijdv+  p(v  •  v  +  2yH'  •  w  +  y^w  •  w)dz/ 


=  j^p‘Edv+j^piv 


V  +  yiy  •  w  +  y'v  •  w  -I-  y^w  •  ^)dv 


=  j^p  ‘Edv+  j^p[(v  +  y^w)  •  v  +  (y'v  +  y^w)  •  w]di^ 

Subsrituting  (22.16)  and  (22.17)  into  (22.15),  we  obtain 

J^p  'Edv+  JyP(v  -t-  y'w)  •  vdr'+  p(y‘v  +  y^w)  ’  w  dvs  =  •  v  -f  c  •  w)dr^ 

•  V  +  T'  •  V  iidr* 

+  •  w  +  S'  •  w  pdr* 

or 

j^p  ‘Edv=  J^g“'^{T',i  +  pg'^b  -  pg'^(v  +  y'w))  •  v  dv-\-  T'  ■  v  j  dr' 

+  j^g"''^{S'_i  +  g'^(pc  -  k)  -  pg''^(y'v  +  y^w))  •  w  di' 

+  jy  g“’^S‘  •  Wn  •  dr'+  l^k  •  w  di' 

We  now  make  use  of  (22.5)  and  (22.10)  to  obtain 


(22.16) 


(22.17) 


(22.18) 
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T'  •  \  •  Wj - k  •  w)dz/=0  (22.19) 

From  (22.19)  by  the  usual  line  of  reasoning  we  obtain 

pgi/2£=  ji .  V  ^  +  S'  •  w j  -I-  g’/2  k  •  w  =  (22.20) 

where  P  represents  the  mechanical  power  per  element  of  volume  of  the  composite  laminate  and 
is  given  by 


gl/2p  =  Jl  .  y  .  4.  gi  .  .^y  .  ^  gl/2j^  .  y/  (22.21) 


For  future 

convenience,  we  summarize  below  the  invariant  vector  form  of  the  basic  field 

equations: 

a  ; 

o 

II 

Q. 

•  Q. 

b  : 

T'.i  +  pg'^b  =  pg'^(v  -1-  y^w) 

c  : 

S'.i  +  g*^(pc  -  k)  =  pg'/2(y^  -4-  y^w) 

(22.22) 

d  : 

gi  X  T‘  -1-  d,i  X  S'  -1-  g^/^d  X  k  =  0 

e  : 

pgi/2i=  T'  •  v_i  +  S'  ■  w_i  -1-  g'^k  •  w  =  g'^P 

where  P  is  given  by  (22.21). 

b)  Alternative  form  of  the  field  equations 

The  basic  field  equations  (22.22)  are  both  simple  and  elegant  in  form.  In  practice,  we  usu¬ 
ally  work  with  the  components  of  the  various  fields.  Hence,  we  now  proceed  to  deduce  the  basic 
field  equations  in  tensor  components.  We  introduce  the  contravariant  and  covariant  components 
of  acceleration  (a'.Oj),  director  acceleration  (P'.pi),  body  force  (b\bi),  body  couple  (c',Ci),  and 
those  of  intrinsic  force  (k^kj)  as  follows; 
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v  =  aig‘  =  aig'  ,  w  =  p'gi  =  [i,g> 

(22.23) 

b  =  bigi  =  big‘  ,  c  =  c'gi  =  Cig*  ,  k  =  k'gi  =  kig' 

Sustituring  (22.23)  12,3  into  (22.22)b  and  making  use  of  (21.26),  i.e., 

T'  =  gi/2  t'jgj 

we  may  write 

(g’^'Jgj).i  +  pg^^bigj  =  pg>/2(ajgj  +  yi(iigj) 
or 

g'^'-i.igj  +  g'^‘Jgj.i  +  (g‘^).it'jgj  +  pg’^bigj  =  pg’^(aigj  +  y'fijgj)  (22.24) 

Recall  the  following  relations  from  tensor  analysis 

g,.i=(i‘,)8k  (22.25) 

and 

(g'^).i=yg-‘^g.i={m"’.)g'^  (22.26) 

where  (j’k)  denotes  the  Christoffel  symbol  of  the  second  kind.  Then  substitute  (22.25)  and 
(22.26)  in  (22.24)  to  obtain 

gl/2^u  igj  +  gl/2^ij  (.k^J  g^  +  gl/2^ij  {^tn  .}  gj  +  pg^^jg^  =  pgl/2(aj  +  yl (i))gj 

or 

(i  J  k)  +  (m  i)  )gj  +  pl>>gj  =  p(a)  +  yi^)gj  (22.27) 

Since  the  base  vectors  gj  are  linearly  independent  and  since 
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xij |i  =  TUi -I- 


(22.28) 


we  obtain 


x'j|i  +  pbi  =  p(aJ  +  y^(ij)  (22.29) 

This  is  the  local  form  of  the  principle  of  linear  momentum  in  component  form.  In  terms  of  the 
various  covariant  and  mixed  components  (22.29)  takes  the  form 


rijii-Hpbj  =  p(aj  +  yipj) 

where  t‘j  is  the  mixed  component  of  the  composite  stress  tensor. 


(22.30) 


Next  we  consider  (22.22)c  and  make  use  of  (22.23)  and  (21.38)  to  wnte 


(gi/2sijgp .  +  pgi/2cjg^  -  gi%igj  =  pg^/2(yia)gj  +  y^l^jgj) 

or 

g'^s'j.igj  +  g’'^s'Jgj,i  -i-  (g‘^).iS'igj  -t-  pg'^cigj  -  kJgjg^^  =  Pg^'^ly'ai  -t-  y2(3))gj  (22.31) 

Making  use  of  (22.25)  and  (22.26)  in  (22.31)  we  obtain  after  simplification 


(s‘J.,  +  s‘‘^  {jJk)  +  s‘J(m'"i}  )gj  +  (poi-kJ)gj  =  p(y'a'  +  y"(^)gj 
Since  the  base  vectors  gj  are  linearly  independent  and  since 


(22.32) 


s'J|i  =  sUi-(-s'M.J  k}  +  s'J  (m'".) 


(22.33) 


we  obtain 


s'J|i -t- (pd  -  kO  =  p(y'ai y2(3i)  (22.34) 

This  is  the  local  form  of  the  principle  of  director  momentum  in  component  form.  In  terms  of  the 
various  covariant  and  mixed  components  (22.34)  takes  the  following  form 
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s/ii  +  (pCj  -  kj)  =  P(y'ai  +  y^pj) 


(22.35) 


Let  us  now  consider  (22.22)d  and  make  use  of  (21.26),  (21.38),  (22.23)  and 


d  =  d‘gi  =  dig' 

to  write 


gi  X  (g'^'Jgj)  +  (d">gj.i  X  (gi/^s'Jgj)  +  gi/2(d'gi)  X  (kigj)  =  0 
or 


Eijn'C'Jg"  +  (d^’.igm  +  d'^gm.i)  X  (s'Jgj)  +  Eijnd'kJg"  =  0 


or 


e.jn^‘^g"  +  X  gj  +  dis'^Jgi.n,  X  gj  +  eijndikJg"  =  0  (22.36) 

where  e^jn  denote  the  permutation  symbol  in  3  dimensions.  Taking  advantage  of  (22.25),  we 
proceed  to  simplify  (22.36)  as  follows; 


EijnTJg"  +  {eijT,dVs"’Jg"  +  S-^Jdi  In,  M  gn  X  gj}  +  Eij^dk^g"  =  0 


or 


EijnX'Jg"  +  {EijndUS^Jg"  +  s'^Jd"  ■  n)  gi  X  gj}  +  EijndkJg"  =  0 


or 


Eijn  { TJ  +  d'  I  mS"’J  +  dkJ )  g"  =  0  (22.37) 

Since  the  base  vectors  g"  are  independent,  we  obtain 

Eijn(x‘J  +  d‘i^s"’J  +  d'kJ)  =  0  (22.38) 


This  condition  is  the  consequence  of  the  moment  of  momentum  principle.  Since  E^jn  is  skew- 
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symmetric  with  respect  to  i  and  j,  it  follows  that  the  quantity  in  the  parentheses  in  (22.37)  must 
be  symmetric  with  respect  to  i  and  j.  Hence  the  quantity 

T‘j  =  T'J  d*  I  -t-  d'kJ  =  TJ*  +  dJ  I  +  d'k‘  (22.39) 

is  symmetric.  We  call  T'J  the  composiu  assigmd symmttric  tensor  or  simply  the  composiu  symmetric 
unsorL  We  notice  that  in  the  absence  of  the  director,  i.e., 

d  =  0  or  d‘  =  0 

the  composite  symmetric  tensor  T'J  reduces  to  the  classical  symmetric  tensor. 

Finally,  we  consider  (22.22)e  and  by  making  use  of  (22.26),  (22.38)  and  (22.23)  reduce  it  as 
follows: 


pgi/2£-  gi/2^ijgj  •  v,i  +  g^/^s'jgj  •  w_i  +  g'/2|j  .  y/ 


or 


p!E=  T'Jgj  ■  V  i  +  s'Jgj  ■  w  i  k  •  w  =  P 


(22.40) 


where  P  is  now  given  by 


p  =  t'jgj  •  v_i  +  s'Jgj  •  w  i  -t-  k  •  w 


(22.41) 


Since 


Vi  =  v"’iign 


(22.42) 


and 


w.i  =  W^iig 


(22.43) 


we  can  further  reduce  (22.40): 
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p!E=  V%  ■  (V^iigm)  +  S'Jgj  •  (w'^iigm)  +  (kJgj)  • 
or 

p‘E=  +  S'Jw'^i.gjn,  +  kJw'"gjm 

or 

p!£=  T'JVjii -I- s'JWjii -t- k'Wj  =  P  (22.44) 

This  is  the  local  form  of  the  principle  of  balance  of  energy  in  component  form.  The  expression 


for  mechanical  power  is  now  reduced  to 

P  =  T'JVj  1  i  +  s'Jwj  1  i  +  k' Wj 

(22.45) 

For  later  convenience  we  collect  the  component  form  of  the  field  equations  as  follows: 

a  : 

P  +  -^p  =  o 

b  ; 

■r'Jii-(-pb'  =  p(aJ4-y’(i)) 

c  : 

s'-i|i  -t-  (pcJ  -  kJ)  =  p(y*aJ  +  y‘{i)) 

(22.46) 

d  : 

£,^(T'J  +  d‘i^s^J  +  d'kJ)  =  0 

e  : 

p!£=  T'JVjii  +  s'JWjij  -f  k'w'i  =  P 

where  P  is  given  by  (22.45). 
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D.  Elastic  composite  laminates  (nonlinear  theory) 

This  part  is  concerned  mainly  with  the  development  of  constitutive  relations  for  elastic 
composite  laminates,  both  by  direct  approach  and  from  three-dimensional  equations.  Here  we 
discuss  the  nonlinear  constitutive  relation  and  recapitulate  the  complete  theory.  While  we 
confine  our  attention  here  to  elastic  composite  laminates,  it  should  be  noted  that  the  previous 
developments  in  part  C  are  not  limited  to  elastic  laminated  composites. 

23.  Constitutive  equations  for  nonlinear  elastic  composite  laminates.  Direct  approach. 

Within  the  scope  of  the  theory  developed  in  part  C,  we  discuss  the  constitutive  relations  for 
elastic  composite  laminates  in  the  presence  of  finite  deformation  and  in  the  context  of  purely 
mechanical  theory. 

We  recall  that  a  material  is  defined  by  a  constitutive  assumption  which  characterizes  the 
mechanical  behavior  of  the  medium.  The  constitutive  assumption  places  a  restriction  on  the 
processes  which  are  admissible  in  a  body  —  here  the  composite  laminate. 

We  define  an  elastic  composite  laminate  by  a  set  of  response  functions  which,  in  the  con¬ 
text  of  purely  mechanical  theory,  depend  on  appropriate  kinematic  variables.  In  our  present  dis¬ 
cussion  the  set  of  response  functions  consists  of  the  following  functions 

V  ,  S'  ,  k  (23.1) 

or  an  equivalent  set 

t‘J(orx'J)  ,  s'J  ,  k'  (23.2) 

We  introduce  constitutive  relations  which  must  hold  at  each  composite  material  point  (macro 
panicle)  and  for  all  time  (t)  in  terms  of  the  response  functions  (23.1).  In  this  connection,  we 
recall  that  the  displacement  function  r  in  (12.1)  is  the  place  occupied  by  the  composiu  panicU  P 
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(with  ccx)rdinates  0')  in  the  present  configuration,  and  the  function  d  in  (12.1)  is  the  director,  at 
the  same  composite  material  point,  representing  the  effect  of  micro-structure.  Thus  the  local 
state  of  an  elastic  composite  laminate  can  be  defined  by  functions  r  and  d  and  their  gradients  at 
each  composite  material  point  in  the  present  configuration,  namely 


r  ,  r.i  ,  d  ,  d.i 

At  this  point,  for  convenience  we  recall  the  expression  for  mechanical  power  P,  i.e.. 


or  equivalently 


oi/2p  =  y  1 .  4-  S'  •  wj  +  g^'^k  •  w 


(23.3) 


P  =  t'JVjij  +  s'Jwjii  +  k'Wj  (23.4) 

We  continue  our  discussion  by  assuming  the  existence  of  a  strain  energy  or  stored  energy 
V  =  per  unit  mass  p  of  the  composite  laminate  such  that  py  is  equal  to  the  mechanical 

power  defined  by  (23.4),  i.e.. 


P  =  py  (23.5;) 

In  the  development  of  nonlinear  constitutive  equations  for  eiastic  composite  lamiantes.  we 
assume  that  the  strain  energy  density  y  at  each  material  point  of  the  composite  laminate 
(macro-particle)  and  for  ail  t  is  specified  by  a  response  function  which  depends  on  r,  d  and  their 
panial  derivatives  with  respect  to  9'.  Hence,  the  constitutive  relation  for  the  composite  strain 
energy  density  may  be  stated  as 


y  =  y(r,ri,d,d,, ;  X)  (23.6) 

Since  the  response  function  must  remain  unaltered  under  superposed  rigid  body  translational  dis¬ 
placement,  the  dependence  on  r  must  be  excluded.  In  addition,  we  have  already  shown  that  S- 
vanishes  identically.  Therefore,  the  constitutive  assumption  for  the  strain  energy  density  of  the 
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composite  laminate  can  now  be  written  as 


V  =  VCri.d.da;  X)  (23.7) 

We  also  make  similar  constitutive  assumptions  for  T*,  S'  and  k.  We  make  a  note  that  in  these 
constitutive  equations,  which  represent  the  mechanical  response  of  the  medium,  the  dependence 
of  the  response  function  on  the  local  geometrical  propenies  of  a  reference  state  and  material 
inhomogeneity  is  indicated  through  the  argument  X  ^  Here  we  limit  the  discussion  to  an  elastic 
composite  laminate  which  is  homogeneous  in  its  reference  configuration  and  suppose  that  the 
dependence  of  the  response  functions  on  the  properties  of  the  reference  state  occurs  through  the 
values  of  the  kinematical  variables  in  the  reference  configuration.  Therefore,  in  place  of  (23.7) 
we  may  write 


V  =  V|/(r  „d,d.a  ;  R  i.D.D.a)  (23.8) 

or 

V  =  ¥(gi.d>d,i ;  Gi,D,D  i)  (23.9) 

Since 

g.  =  ri  ,  Gi  =  R,  (23.10) 

Following  the  same  argument,  we  can  arrive  at  similar  constitutive  assumptions  for  T',S'  and  k. 
From  (23.9)  we  obtain  ^ 


'  See  [Carroll  and  Naghdi,  1972]. 

Sr 

2  Operators  of  the  form  where  f  is  a  scalar  function  of  a  vector  variable 

occurring  in  (23.11)  and  elsewhere  are  defined  as  partial  derivatives  with  respect 
to  X  satisfying 

lim  af  .y 

£->0  £  W 

for  all  values  of  the  arbitrary  vector  v. 
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(23.11) 


Since 


30* 


(23.12) 


and 


d  =  w  ,  d  i  =  w  i 

Introducing  (23.1 1)  into  (22.22)e,  we  obtain 


(23.13) 


or 


(T*  -  pg>^  1^)  •  Vi  -H  (S'  -  pg>/2  .  w.i -I-  (gi/2k  -  pgi/2  .^)  •  W  =  0  (23. 14) 


This  must  hold  for  all  arbitrary  values  of  vectors  Vj.w^i  and  w.  Since  the  quantities  in  the 
parentheses  are  independent  of  v  i„w  i  and  w,  we  conclude  that 


T* 


g>^k  =  pg'/2 


(23.15) 


These  are  the  nonlinear  constitutive  equations  for  T',S*  and  k  along  with  the  condition 


gj  X  T' -I- d  i  X  S' g'^  d  X  k  =  0  (23.16) 

which  is  imposed  by  the  principle  of  the  moment  of  momentum  of  the  composite  laminate  and 
must  be  satisfied  by  the  response  function  ijr. 
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As  with  the  equations  of  motion,  it  is  convenient  in  applications  to  specific  problems  to 
obtain  alternative  forms  of  the  above  constitutive  equations  expressed  in  component  forms.  To 
obtain  the  appropriate  constitutive  equations  for  and  k'  we  proceed  as  follows. 

Recall  the  formulas 


r  =  r'gi  =  rig‘  ,  d  =  d'gi  =  dig‘  (23.17) 

g.  =  r.i  =  (r^gm).,  =  +  r'^gm.,  =  T".igm  +  { i  "  m)  gn 

=  (r^.i  +  rM  .  n }  )gm  =  r'"  1  igm  =  rm  I  ig"'  (23.18) 

and 

d.i  =  (d^gm)a  =  d"’,gm  +  d'^gn,,.  =  d'",g^  +  rM  i  n)  gm  =  g„,  =  d^i.  g'"  (23.19) 

Substituting  (23.17)  to  (23.19)  into  (23.9)  and  keeping  in  mind  that  y  is  a  scalar  valued  function 
we  may  rewrite  (23.9)  as 


V  —  V(^m  I  i'dii],dni  I  a  >  I  I  a) 


(23.20) 


where  y  is  now  a  different  function  than  V|/.  From  (23.20)  by  differentiation  we  obtain 


Substituting  (23.21)  into  (22.46)e,  we  obtain 


p(Ji 


■3E 


mli 


^mli+  Wmi,)  ='C'JVdii  +  S'JWjii  +  k‘w, 

m  I  i 


or 


)Wjii-t-(k'-p  |^)Wi  =  0 


(23.22) 


This  must  hold  for  all  arbitrary  values  of  Vji;,  Wju  and  dj.  Since  the  quantities  in  the  parentheses 
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are  independent  of  vjij,  wjij  and  d;,  we  conclude  that 


(23.23) 


These  are  the  component  forms  of  the  constitutive  equations  for  t‘j,  s'->  and  k'  along  with  the  con¬ 
dition 


Ejjn  {'[•j  -I-  d‘imS'"J  +  d'ki)  =  0  (23.24) 

which  is  imposed  by  the  principal  of  the  moment  of  momennim  of  the  composite  laminate  and 
must  be  satisfied  by  the  response  function  vj/. 

Before*  proceeding  further,  we  obtain  an  alternative  form  of  constitutive  equations.  To  this 
end  we  consider  the  expression  for  mechanical  power  (23.3),  i.e., 

gl,’2p  -  J\  .  y  ,  ^  §1  .  ^  ^  gl/2|^  .  YV 

and  by  taking  advantage  of  the  expressions  (12.23),  (21.26),  we  write 
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gl/2p  =  (gl/2^ijgj)  .  +  C0v^)gk]  + 

(g‘^S‘jgj)  •  +  A^CCOu  -  Tlk/lgl^]  -K 

(g'^k^^g  J  •  [dkg‘‘  +  d‘(COki  -  TlkOg’^ 

=  g’^{x‘Jrik,(gj  •  gi')  -I-  x^CDk,(gj  •  g‘‘)  + 

S‘J^ki(gj  •  g")  +  S‘J)L/.(COk7  -  ■nk/)(gj  •  g'^)  -(- 

kJdk(gj  •  g'^)  +  kJdi(C0k,  -  rik,)(gj  •  g'^)} 
or 

gl/2p  =  gl/2^^  { +  s'iXl.iOi^  -  Tly)  kJdk  +  kJd'(C0k,  -  Tiki)  } 
or 

p  =  (^ij  _  smjXi^  _  kJdOriji  -(■  s'JXji  -H  k-di  +  (x'J  +  +  kJd’)cOji  (23.25) 

The  last  term  on  the  right  hand  side  of  (23.25)  is  a  produce  to  a  symmetric  and  a  skew- 
symmetric  tensor  component;  hence  it  vanishes  identically  ard  we  obtain 

p  =  ( tu  -  s-'JX'm  -  k'dOrij.  +  s'J^ji  +  k'd,  (23.26) 

We  now  define  an  alternative  form  for  the  symmetric  commposite  stress  tensor  t‘J  by  the  relation 

T'J  =  4-  ( -  X'^s^i  -  d'kJ)  +  (xJ‘  -  -  dJk') )  (23.27) 

To  show  that  x‘J  is  equivalent  to  T'J  defined  by  (22.39)  we  proceed  as  follows.  Substituting 
(23.27)  into  (23.26),  we  obtain 

P  =  x'Jrij, -I- s'JX.j -I- k'd,  (23.28) 

In  view  of  the  symmetry  of  x'J  we  may  write 
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Eijktij  =  y  £ij-k{  -  d‘kJ)  +  (X)'  -  )  =  0 

=  y  eijktCt'J  +  tJ')  -  -  (d'kJ  +  dJk'))  =  0  (23.29) 

We  now  rewrite  (2:.p.29)  as  follows: 

EijkX^J  =  y  {ejik(tj‘  +  t‘J)  -  eij-k(>.‘mS^J  +  ^ms™)  -  e.^(diki  dikO) 

=  y  {-EijkC^'j  +  tJi)  -  eijk(Xin,S'"J  -H  '  Eij^Cd^kJ  -H  dJk') 

=  -  y  {EijkC'C'J  +  +  d>kJ)  +  eijk(xj‘  +  +  dJk') ) 

=  -  y  Eijk  { +  d^kj)  +  (ti'  +  Xi^s™  dik') }  =  0  (23.30) 

Since 


x'J  +  +  d'kJ  =  xi'  +  +  dJk' 


we  obtain  from  (23.30) 


£ijk('t'J  +  +  d'kJ)  =  0  (23.31) 

This  shows  that  the  relation  (23.27)  is  equivalent  to  (22.38).  Recall  the  kinematical  variables 

Yij  =  y  (gi  ■  8j "  Gj  •  Gj)  =  y  (gij  -  Gjj) 

=  (23.32) 

y.  =  di-D. 

From  (23.32)  we  obtain 
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Yij  ~  Y  Sij  "J  -  Tlij 

Yi  =  di 

The  expression  of  power  (23.26)  in  terms  of  the  kinemaucal  variables  7ij,  and  7;  is 


pe  =  r'%  +  s'ji(^  -t-  =  P 


where 


P  =  'r'J7ij  +  s'Jl^  +  k'7, 

Rewriting  the  v  as  a  function  of  the  variables  and  7i,  i.e., 


V  =  V(Yij.  i^j.Yi) 


we  obtain 


Y. 


From  (23.34)  and  (23.36)  we  obtain 


n"  -  p  ||)Y„ + (s«  = 0 

Then  by  the  usual  procedure  we  obtain 


T'J  =  p 


^V1/ 


s'J  = 


k' 


(23.33) 


(23.34) 


(23.35) 


(23.36) 


(23.37) 


(23.38) 


(23.39) 
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24.  The  complete  theory 

We  recapitulate  in  this  section  the  complete  theory  of  elastic  composite  laminate  in  the 
context  of  purely  mechanical  theory. 

The  initial  boundary  value  problem  in  the  general  theory. 

The  basic  field  equations  of  the  nonlinear  theory  consist  of  the  equations  of  motion  and  the 
energy  equation  given  by  (22.46)  and  repeated  below  for  convenience: 

fJij-f-  pb)  =  p(ai  y>(^) 
s'J  I  i  +  (pcJ  -  kJ)  =  p(y ’  cti  -t-  y2^) 

+  d’kJ)  =  0 

pe  =  't'-ivj  I  i  +  s'-iwj  I  i  -H  k'Wj  =  P 

where  P  is  given  by 

P  =  t‘JVjii  +  s'JWjii  +  k‘Wi 

or  equivalently  by 

p  =  -I-  k'Yi 

The  constitutive  equations  for  an  elastic  composite  laminate  are  specified  by 

V  =  V(Yij.  Yi) 

and 


(24.  n 

(24.2) 

(24.3) 

(24.4) 

(24.5) 

(24.6) 


(24,8) 
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We  recall  that  (24.9)  is  subjected  to  the  condition 


si3  =  0  (24.11) 

We  note  that  instead  of  (24.7)  to  (24.10),  any  other  alternative  equivalent  expressions 
derived  in  secrion  23  may  be  used. 

The  above  field  equations  and  constitutive  relations  characterize  the  initial  boundary-value 
problem  in  the  nonlinear  theory  of  an  elastic  composite  laminate. 

The  problem  of  establishing  boundary  conditions  is  not  always  clear  in  the  literature  on 
continuum  theory  of  composites.  Even  in  the  case  of  mathematically  coherent  continuum 
theories  with  micro-structure  the  physical  interpretations  are  not  given  or  are  ambiguous. 
Indeed,  most  (if  not  all)  of  the  problems  that  are  treated  using  various  continuum  theories  for 
composites  deal  with  periodic  wave  propagation  or  those  problems  for  which  the  boundary  con¬ 
ditions  are  not  of  primary  imponance. 

The  nature  of  the  boundary  conditions  in  the  present  theory  may  be  seen  from  the  rate  of 
work  expression  for  the  composite  contact  force  and  the  composite  contact  couple,  i.e.. 


!?^=f  (t  •  v -I- s  ■  w)da  (24.12) 

The  conditions  at  the  boundary  surface  of  the  composite  laminate  at  which  the  surface  forces  F 
and  the  surface  couples  are  prescribed  require  that 


t =r  ,  s  =  s 


(24.13) 


If  we  express  the  surface  forces  F and  the  surt'ace  couples  s  in  terms  of  their  components,  i.e.. 
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r=Pg.=T.g‘  (24.14) 

s  =  ?g.  =  s4b  (24.15) 


and  then  using  (21.24)  and  (21.38)  the  boundary  conditions  take  the  following  forms: 


T'Jni=P  ,  T'jn,=  tj 

(24.16) 

s'jn,  =  s>  ,  s'jni  =  Sj 

(24.17) 

To  elaborate,  we  recall  that  our  choice  of  convected  coordinates  is  such  that  at  a  point  P  with 
coordinates  6‘  (i  =  1,2,3)  of  the  composite  laminate,  the  coordinates  6’,  6^  are  in  fact  the  coordi¬ 
nate  curves  of  the  ply  passing  through  the  point  P.  Moreover,  the  coordinate  6^  is  in  the  direc¬ 
tion  of  lay-up.  This  implies  that  for  an  arbitrary  part  ^P,  the  boundary  surface  8!P consists  of  two 
material  surfaces  of  the  form 


d^Pi  :  03  =  03(00)  =  Cl 

and 

dTi  :  03  =  03(00)  =  Cl 

and  a  lateral  material  surface  of  the  form 


(24.18) 


dTi  :  f(0“)  =  O  (24.19) 

such  that  03  =  const,  are  closed  smooth  curves  on  the  surface  (24.19).  With  this  background,  it 
should  now  be  clear  thatT^,r  in  (24.16)i  are  the  stress  resultants  in  gi,g2  directions,  respec¬ 
tively,  while  is  the  stress  in  g}  direction.  Similarly,  s^"?  in  (24.17)i  are  the  stress  couple 
resultants  in  gi,  g2  directions,  respectively,  but  P  is  the  stress  couple  resultant  in  g3  direction, 
which  is  identically  zero. 
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25.  A  constrained  theory  of  composite  laminates 

So  far  our  development  of  the  continuum  theory  has  been  general  and  without  any 
restriction/condition  placed  on  the  kinematical  variables.  Therefore  the  field  equations  and  the 
constitutive  relations  are  applicable  to  any  elastic  composite  laminate.  We  did  not  introduce  any 
kinematical  constraints  previously  to  keep  the  theory  general  enough  so  that  it  could  be  utilized 
for  various  physical  situations.  We  now  turn  to  the  development  of  a  constrained  theory  of  our 
continuum  model  which  may  appropriately  be  called  Cossemt  composite.  First  we  derive  a  set  of 
constraint  equations  for  the  composite  laminate.  We  then  proceed  to  obtain  the  relevant 
response  functions  induced  by  the  constraint.  Finally  we  obtain  a  set  of  field  equations  in  terms 
of  the  displacement  and  effected  by  the  presence  of  the  constraints. 

We  impose  the  condition  that  plies  of  the  composite  laminate  do  not  separate  from  or  slide 
over  each  other  at  all  time  during  the  motion  of  the  composite  laminate.  This  means  the  dis¬ 
placement  vector  of  the  material  points  throughout  the  body  including  at  the  interface  must  be 
single  valued.  Hence  we  require 

r(0“,  03  A03)  =  r(0«,  03)  ^2  d(0“,  03) 

or 


r(0«  03  +  A03)  -  r(0«  03)  =  ^2  d(0“,03) 


or 


r(0“,  03  -h  A03)  -  r(0“  03) 
^  ^ 


d(0“,03) 


In  the  limit  when  ^2  0  and  r(0“,03  +  A03)  r(0«  03)  we  obtain 


(25.1) 


Jim  r(0°,03  +  A03)  -  r(0°.03) 
A0^ 


d(0“,03) 
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or 


g3  =  r  3  =  d  (25.2) 

where  we  have  made  use  of  the  fact  that 

A03  =  42  (25.2.a) 

Expression  (25.2)  implies  the  following  constraint  condition 

g«-d  =  0  (a  =1,2)  (25.3) 

Differentiating  (25.3)  with  respect  to  time,  we  obtain 

g<^-d  +  g“-w  =  0  (a  =1,2)  (25.4) 


We  recall 


g‘-gj  =  5'j  (25.5) 

Differentiating  (25.5)  with  respect  to  time,  we  obtain 

•  gj  +  •  gj  =  g‘  •  g,  +  g'  •  V.j  =  g'  •  gj  +  g'  •  (V^ijgm) 

=  g‘-gj  +  vi.j  =  g-gj  +  vi 

=  g‘  ■  gj  +  •  gj  =  (gi  +  viimg"^)  •  gj  =  0  (25.6) 

From  this  we  obtain 

g' •  gj  =  -g‘ ■  vj  (25.7) 

and 

g'  =  -v^mg"'  (-5.8) 

Substituting  t25.7),  (25.8)  into  (25.4),  we  arrive  at 
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^  •  dJgj  +  ga  •  w  =  0 
or 

d‘g“  ■  v.i  -  g“  •  w  =  0  (25.9) 

and 


-v“img"' •  d  +  g“  •  w  =  0 

or 

-V“lig'-  (dmg'")  +  g“-(WigO 

dmg“"gj“vjii-g‘“w,  =  0  (a=l,2)  (25.10) 

This  is  another  form  of  the  constraints  (25.3)  which  is  more  appropriate  for  our  present  develop¬ 
ment. 


For  a  composite  laminate  with  constraints  we  assume  that  each  of  the  functions  T',  S'  and  k' 
are  determined  to  within  an  additive  constraint  response  so  that 

Ji  =  fi  +  f. 

S' =  S' S'  (25.11) 

k  =  k  k 

where 

t'  .  S'  ,  k  (25.12) 

are  specified  by  constitutive  equations  and 

t’  ,  S'  ,  k  (25.13) 

which  represent  the  response  due  to  constraints  (25.9)  are  arbitrary  functions  of  G'.t.  are  workless 
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and  independent  of  the  kinematical  variables  v,;,  w_i  and  w.  Thus,  recalling  the  expression  (23.3) 
for  mechanical  power,  we  set 

f' •  V  i S' •  w_i  4- ■  w  =  0  (25.14) 

This  must  hold  for  all  values  of  the  variables  v  j,  W  j  and  w  subject  to  the  constraint  condition 
(25.9).  Multiplying  (25.9)  by  the  Lagrange  multipliers  5a  (a=  1,2)  and  subtracting  the  results 
from  (25.14),  we  obtain 

T'  ■  V  i  +  S'  •  w  i  +  gi'^k  •  w  -  (5ad‘g“  •  v  i  -  5ag“  •  w)  =  0 
or 

(t'  -  5ad'g“)  •  v_i  -t-  S'  •  w,i  +  (g'^k  -I-  5ag“)  •  w  =  0  (25.15) 

From  (25.15)  and  the  fact  that  T‘,  S'  and  k  are  independent  of  v  j,  w  j  and  w  it  follows  that 

t'  =  6adig«  (25.16) 

S'  =  0  (25.17) 

g'^k  =  -6ag“  (25.18) 

Expressions  (25.16)  to  (25.18)  represent  the  constraint  response  induced  by  the  constraint  equa¬ 
tions  (25.3).  Substituting  (25.16),  (25.17)  and  (25.18)  into  linear  momentum  equation  (22.22)b 
and  the  director  momentum  equation  (22.22)c,  we  obtain 


[t'  Sad'g^l.i  -t-  pg'-^b  =  pg’'^(v  -I-  y’w) 


(25.19) 


and 


S'.i  +  pg'^c  -  [g'^k  -  6ag“]  =  pg''^(yK’  -f  y^V) 

InU'oducing  the  following  temporary  variables  b  and  c  by 


(25.20) 
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b  =  b  -  (v -t- y^w) 

and  (25.21) 

c  =  c  -  (y*v  +  y^w) 

we  can  rewrite  (25.19)  and  (25.20)  as  follows 


pgi/2b  +  tij  +  (5^dig“),i  =  0  (25.22) 

pgW£  +  Si.i-g>/2k-H5ag“  =  0  (25.23) 

From  (25.23)  we  obtain 

(5ad'g“)_i  =  -  (pg^'^d'c  +  d'&  j  -  g'-'^d'k)  i  (25.24) 

Substitute  (25.24)  into  (25.22)  to  obtain 

pgi/2b  +  f  -  (pgi/2dic  +  d‘a  j  -  gi/2dik),i  =  0  (25.25) 

Moreover,  from  (25.23)  and  (25.3)  we  obtain 

pgi/2d  .  c  +  d  •  g^^d  •  k  =  0  (25.26) 


Recalling  that  T',  S'  and  k  are  specified  as  functions  of  various  kinematical  variables,  it  is  clear 
that  the  system  of  equations  (25.25)  and  (25.26)  represent  two  equations  for  the  determination  of 
the  primary  unknowns  v  (or  r)  and  d. 

We  now  proceed  to  obtain  the  counterparts  of  (25.25)  and  (25.26)  in  component  form.  To 
this  end.  we  assume,  for  an  elastic  composite  laminate  with  constraint,  the  functions  x'J,  s'J  and  k' 
are  determined  to  within  an  additive  constraint  response  so  that 

x'J  =  x'j  +  x'J 

s'J  =  s'J -t- s'j  (25.27) 

k'  =  k'  +  k‘ 


where 
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,  s'j  ,  ic'  (25.28) 

are  specified  by  constitutive  equations  and 

t'j  ,  s'j  ,  k’  (25.29) 

which  represent  the  response  due  to  constraints  (25.10),  are  arbitrary  functions  of  0‘,t,  workless 
and  independent  of  kinematical  variables  Vjij,  Wjij  and  w;.  Thus,  recalling  the  expression  (23.4) 
for  mechanical  power,  we  set 

T'-ivjii  +  s'Jwjii  +  k'wj  =  0  (25.30) 

which  must  hold  for  all  values  of  the  variables  Vjij,  Wjij  and  Wj  subject  to  the  constraint  condi¬ 
tions  (25.10).  Multiplying  (25.10)  by  the  Lagrange  multipliers  Xq  (a=  1,2)  and  subtracting  the 
results  from  (25.30),  we  obtain  ^ 

X'Vj  I  i  +  s'JWj  I  i  -I-  k'Wi  -  (Mmg'^g^“Vj  I  i  -  Xag’“Wi)  =  0 
or 

(x'-i  -  ?-id'gJ“)Vjii  s'-iw'jii  +  (k*  +  Xag’“)wi  =  0  (25.31) 

From  (25.31)  and  the  fact  that  x'-i,  s’J  and  k  are  independent  of  v.ij,  wjn  and  w;  it  follows  that 

x’J  =  Xad'gJ“  (25.32) 

s'J  =  ()  (25.33) 

k'  =  -Xag‘“  (25.34) 

Substituting  (25.32),  (25.33)  and  (25.34)  into  (22.46)b  and  (22.46)c,  we  obtain 

[x'J  -t-  X-^'g-Hii  +  =  P(f^  +  y'^)  (25.35) 

3  Note  that  is  now  different  from  5^. 
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and 


I 

I  From  (25.2 1 )  we  have 


-  [icJ  -  /L.ygi'n  +  pcJ  =  p(y’a)  -t- 


b*  =  b)  -  (a)  +  y’^) 
and 


cJ  =  ci  -  (y*a)  -I- 

Making  use  of  (25.37)  we  rewrite  (25.35)  and  (25.36)  as  follows 


pW  +  T'J|i-t-(>^igJT0li  =  O 
and 


pcJ  +  s'-iii  -  ic-i  -t-  Xyg'o  =  0 


From  (25.39)  we  obtain 


(>^'g^)  I  i  =  -  (pd'cJ  -I-  d's'^J  I  m  -  d'icJ)  I  i 
and  substitute  into  (25.38)  to  obtain 


pbf  riJ I i  -  (pd'c^’  -t-  pd's^'J im  -  d'kJ) , ,  =  0 
Moreover,  from  (25.39)  we  obtain 

pdjcJ  -I-  djS'J  li  -  djic-i  +  XadjgPj  =  0 


However,  from  (25.3)  we  have 


djgPj  =  0 

Hence,  by  (25.42)  and  (25.43)  we  have 

pd,cJ  +  d.vJ.i-d.kJ  =  0 


(25.36) 


(25.37) 


(25.38) 


(25.39) 


(25.40) 


(25.4  i) 


(25.42) 


(25.43) 


(25.44) 
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Again  recalling  that  T'j,  s'J  and  k'  are  specified,  by  constitutive  equations,  as  functions  of  relevant 
kinematical  variables,  it  is  clear  that  the  system  of  equations  (25.41)  and  (25.44)  represent  four 
equations  for  the  determination  of  four  primary  unknowns  v;  and  d. 

Before  closing  this  section,  we  obtain  a  relation  between  the  Lagrange  multipliers  5a  and 
Recalling  (17.16),  we  may  write  (25.16)  as  follows 


t'  =  =  6ad‘gJ“gj 


or 


gl/2(T>J  _  g-l/25^d'gJ“)gj  =  0 

Since  *  0  and  gj  are  linearly  independent  base  vectors,  we  obtain 


(25.45) 


■jij  _  g->/25ad‘gJ”  =  0 


or 


=  g~*^5ad'gJ“ 


A  comparison  between  (25.46)  and  (25.32)  yields 


Aa  =  g-'''5a 


Similarly,  from  (25.18)  we  obtain 


g''^k'g,  =  -5ag'“g, 


or 


(25.46) 


(25.47) 


g>''2(k'  +  g->/-6ag‘“g.)  =  0 

Again,  since  gj  are  independent  base  vectors  and  since  g'^  ^  0.  we  obtain 


(25.48) 
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ki  =  -g-l/25agi“  (25.49) 

Comparing  (25.49)  and  (25.34),  we  obtain 

Xa  =  g"‘^5a  (25.50) 


which  confirms  the  results  (25.47). 
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26.  Constitutive  equations  of  an  elastic  composite  laminate:  Derivation  from  three- 

dimensional  classical  continuum  theory 

The  theory  developed  in  the  course  of  this  investigation  is  exact  in  the  context  of  nonlinear 
theory  and  is  based  on  postulates  (conservation  laws)  that  are  independent  of  those  in  classical 
continuum  mechanics  although  their  motivation  inspired  by  the  classical  theory  of  continuum 
mechanics.  Due  to  the  material  and  geometric  complexities  inherent  in  composites  and  due  to 
our  rather  limited  (direct)  knowledge  of  composite  materials,  the  study  of  composite  materials 
has  always  been  conducted  via  three-dimensional  classical  continuum  mechanics.  In  particular, 
constitutive  relations  for  composites  have  always  been  derived  from  those  of  the  constituents 
which  are  assumed  to  be  elastic  in  the  sense  of  classical  theory  of  elasticity.  It  is  therefore  desir¬ 
able  to  relate  the  various  field  quantities  of  the  present  theory  to  those  of  classical  three- 
dimensional  theory.  This  has  already  been  accomplished,  in  part,  through  the  relevant 
definitions.  To  complete  the  correspondence  between  the  present  theory  and  the  classical  contin¬ 
uum  theory  we  need  to  establish  appropriate  relationships  between  the  composite  field  quantities 
T',  S‘  and  k  with  the  classical  stress  vector  T*'  of  the  constituents.  This  section  is  concerned 
with  this  task. 


We  recall  that  in  the  three-dimensional  theory  of  classical  (non-polar)  continuum  mechan¬ 
ics  and  within  the  context  of  purely  mechanical  theory  the  constitutive  relation  for  the  specific 
internal  energy  and  the  stress  tensor  of  an  elastic  body  can  be  expressed  as  follows 


V*  =  V‘(Y.j) 


(26.1) 


T  ‘J  =  p 


St.; 


Whenever  there  is  no  danger  of  confusion  we  designate  a  function  and  its 
value  with  the  same  symbol.  Moreover,  the  function  y*  in  (26.1)  depends  also  on 
the  reference  values  G*,  but  we  have  not  exhibited  this  here.  The  partial  deriva¬ 
tive  of  a  function  with  respect  to  a  symmetric  tensor  such  as  that  in  (26.2)  is  un¬ 
derstood  to  have  the  svmmetric  form  -L  (-^^  -r  4^). 

T  ^  ay.,  Dy , 


(26.2) 
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We  now  proceed  to  deduce  the  counterparts  of  the  above  results  for  an  elastic  composite 
laminate.  To  this  end,  we  first  recall  the  expression  for  Y;*,  i.e.. 


7,i  =  Y,t=4-(g'g;-G-G;) 


and  then  observe  the  following  relations: 


^  { .  A-  [1  (p  *  •  p  *  -  G  •  G 

SgiT  dy.  agk  ay.;  '  ag^-  ‘t  g.  g,  Oj 


)ii 


(26.3) 


.^||(5‘‘,g-  +  5'‘,g-)) 

^iii 


(i-V*  6ic.  p.*  +  Sk.p.’-) 


1  2*  +  2*)  =  e* 

^  ay^,  ayi®''  ayi; 


and 


(26.4) 


since 


(26.5) 


gp  =  a(j  +  q  d.p  ,  g3  =  d 

(26.6) 

(26.7) 

(26.8) 

where  in  obtaining  (26.4)  we  have  also  used  (26.3).  In  addition  we  observ'e  that 


9\j/*  _  _  d\f^  .  5gk  _  9\:/*  o »  ST  _  3^’  „  • 

■53“  ag;  c(i  c-yi  -ar  av;.  ^  dy,- 


(26.9) 
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where  we  have  made  use  of  (26.4)  and  the  fact  that  from  (26.6)  we  obtain 


^23  _  A  ^g3  _  , 


Bg: 

ST 


=  S\ 


Further  we  observe 


Sy*  „•  ^gic‘  _  5v'  „•  rcl  f  -  3V  „•  E 


Since  from  (26.6)  we  have 


_  c  ga  ^S3  _  n 


agk  _ 


'33Z 


and  we  have  also  made  use  of  (26.4). 


We  now  consider  the  constitutive  equations  for  the  components  i*“'  in  (26.2).  i.e. 


T*aj  =  p* 

^  clYaj 


Recalling  the  formula 


X*a  =  g’l/:x*aj*g/ 


and 


T“=  [^'T*“dq  =  a'-N“ 

^  O 


we  wnte 


(26.10) 

(26.11) 

(26.12) 

(26.13) 

(26.14) 

(26.15) 

(26.16) 

(26.17) 
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T« = I  ^  = j  ^  g-  -d^ = J  ^p-g- g;d^ 

We  recall  that  in  terms  of  0‘  coordinates  and  in  relation  to  aa  and  ga  we  have 


^|n  3Ll 

dgp  dia  dgp  “  dga 


Hence,  we  can  write  (26.18)  as 


Next,  recall  the  formula 


S“=  f^T*«&  d&  =  ai/2M“ 

^  O 


and  write 


S“  =  (jc  _  J^‘g-iej-ojgTP  (j^^l^pYio  ^  g/4d^ 

=l!‘pV>«:^d^=^J^pV>«yd4 

where  we  have  made  use  of  (26.16)  and  (26.12).  Now  recall  the  expression 


g’^k  =  a'^k  =  r  T*^  d^ 

«'o 


and  write 


(26.18) 


(26.19) 


(26.20) 


(26.21) 


(26.22) 


(26.23) 
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g'«k = f  ^  p-g"«  ^  g;  d' 

=  J  !  P'e"'^  =  OT  j  !  P‘S’‘"V<‘5  (26.24) 

We  have  shown  that  the  composite  stress  vector  corresponds  to  interlaminar  stresses.  We 
notice  that  interlaminar  stress  vector  acts  as  an  applied  contract  force  for  the  micro-structure. 

Hence  the  constitutive  relation  for  should  be  specified  directly.  This  means  unlike  T“ 
may  not  be  obtained  from  the  strain  energy  of  the  constituents.  However,  like  any  other  com¬ 
ponent  of  stress  vector  (or  stress  tensor),  may  either  be  obtained  by  solving  equations  or 
motion  or  obtained  through  constitutive  relations  after  determination  of  displacement  vector 
from  equations  of  motion. 

Consider  now  the  expression 

V  =  J  r  (26.25) 

where  the  arguments  of  \j/*  have  been  defined  before.  Clearly,  in  view  of  kinematical  relations 
(12.  ).  the  function  \\i  can  be  regarded  as  a  function  of  the  variables  gp  d  and  d  j.  Therefore,  the 
constitutive  equations  for  composite  laminate  will  be  given  by 

\|/  =  V(g„  d,  d.a)  (26.26) 

T-  =  Pg'«|| 

S'  =  pg>'^.|^  (26.27) 

g.%  =  pgl/2.g 

where  vanishes  identically  since  v  is  not  a  function  of  d  i.  This  is,  of  course,  in  agreement 
with  (26.39).  A  comparison  between  (26.27)  and  (23.15)  reveals  that  the  two  sets  of  constitutive 
relations  will  be  equivalent  if  m/  is  given  by  (26.25).  This  establishes  the  correspondence 

BASE 


-  166- 


between  the  composite  laminate’s  constitutive  relations  and  those  of  the  constituents. 


For  completeness,  in  the  rest  of  this  section  we  obtain  the  component  forms  of  (26.27) 
using  a  different  procedure  than  that  used  in  section  22.  To  this  end  w'e  recall  the  formulas 


r  =  r'g,  =  r,g‘  ,  d  =  d'g,  =  dig‘ 


(26.28) 


ri  =  rJiigj  =  rjiigJ  ,  d.,  =  dJ , ,gj  =  dj , igJ 


(26.29) 


It  is  clear  from  (26.28)  and  (26.29)  that  the  function  \\i  may  be  rewritten  as 


V  ~  “  y(r.i,d,d  a)  —  V(fm  i  la) 


(26.30) 


With  the  help  of  the  expression  for  T',  (26.28),  (26.29)  and  the  gradient  of  a  scalar  valued  func¬ 
tion  of  a  vector,  we  write  ^ 


T-  =  =  pgl«  ^  =  pg>/2  =  pgifl  ^  g, 


(26.31) 


Rewriting  the  above,  we  obtain 


I  I 


(26.32) 


Since  the  quantity  in  the  parentheses  is  independent  of  gj,  we  conclude  that 


OTjli 


(26.33) 


^  Operators  of  the  form  where  f  is  a  scalar  valued  function  of  a  vector 

X  =  x'gi  =  x,g‘  were  defined  earlier.  The  component  form  of  this  operator  which  is 
in  fact  the  gradient  operator  (derivative  operator)  is  given  by 

^  ^  ax'  ^ 
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In  a  similar  manner,  with  the  help  of  expression  for  S‘,  (26.28)  and  (26.29)  we  obtain 


S'  =  g'-^S'Jgj  =  pg>/2 


(26.34) 


From  this  we  obtain 


l/UjI, 

Since  the  quantity  in  the  parentheses  is  independent  of  gj,  we  obtain 


(26.35) 


s'J  =  p 


Next,  we  consider  k  and  making  use  of  the  same  procedure  we  write 


(26.36) 


gi/ik  =  gi^kigi  =  pg‘/2  ^  gj 


(26.37) 


and 


g‘''^(k'-P^)g,  =  0 

By  the  usual  argument  we  obtain 

Collecting  the  results  (26.33),  (26.36)  and  (26.39),  we  have 


(26.38) 


(26.39) 
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xu 


sy  =  p 


9y 


(26.40) 


‘"'-pII- 

which  are  the  same  as  (23.23).  It  should  be  mentioned  that  the  development  after  (23.23)  of  sec¬ 
tion  (23)  as  well  as  the  entire  development  of  section  (25)  remains  applicable  and  unchanged. 
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E.  Linearized  Theory 

We  now  proceed  to  obtain  the  linearized  version  of  the  theory  developed  in  previous  sec¬ 
tions.  Linearization  will  be  carried  out  for  the  kinematics,  the  field  equations  and  the  constitu¬ 
tive  equations.  We  note  that  a  vertical  bar,  in  the  linearized  expressions,  will  denote  covariant 
differentiation  with  respect  to  Gij  corresponding  to  the  reference  configuration. 

27.  Linearized  kinematics 

This  section  is  devoted  to  the  linearized  form  of  the  kinematical  results  of  section  (12).  In 
particular,  we  deduce  the  linearized  kinematic  measures  of  a  composite  laminate  with 
infinitesimal  displacements  and  infinitesimal  director  displacements  as  a  special  case  of  the  gen¬ 
eral  results  in  section  (12). 

We  recall  the  expressions 


and 


p*  =  r(Ti«,eLt)  td(ri“,e3,t) 


(27.1) 


P*  =  R(ri“,e3) p(ri“,e3)  (27.2) 

Within  the  context  of  linear  theory  of  composite  continuum  we  let  ' 

p*  =  P*  +  eu‘  (27.3) 

where  e  is  a  non-dimensional  parameter  and  u*  is  a  three-dimensional  vector  such  that 

u*  =  u*'gi  =  u*g‘  (27.4) 

u*  =  u'(ri“,^,03,t)  =  u(ri“,03,t)  -I-  q5(  ri“,0-\t)  (27.5 ) 

'  The  use  of  £  in  this  section  is  temporary,  clear  from  the  context  and  not  to  be 
confused  with  the  use  of  the  same  notation  in  the  previous  section. 
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From  (27.3)  we  obtain 

v’  =  eu*  (27.6) 

Introducing  (27.5)  into  (27.3)  and  making  use  of  (27.2),  we  obtain 
p*  =  R(ti“  03)  qD(Ti“  03)  +  e[u(Ti“  03,t)  ^5(ti“  03,t)] 

=  [R(ti“,03)  +  EU(T1«  03,t)]  +  ^[D(ti“  03)  -h  E6(Ti“,t)]  (27.7) 

By  a  comparison  between  (27.1)  and  (27.7)  we  conclude  that 

r(0^t)  =  R(0‘)  +  Eu(0U) 

(27.8) 

d(0i,t)  =  D(0')  -t-  E5(0\t) 

where  we  have  identified  ri“  with  0“.  The  velocity  and  the  director  velocity  are  readily  obtained 
as 

V  =  £U 

(27.9) 

w  =  e5 

We  say  that  the  motion  of  a  laminated  composite  continuum  characterized  by  (27.8)  describes 
infinitesimal  deformation  if  the  magnitudes  of  u.  5  and  all  their  derivatives  are  bounded  and  are 
of  the  same  order  as  R  and  D  and  if 

e<cl  (27.10) 

In  what  follows  we  shall  be  concerned  with  (scalar,  vector  or  tensor)  functions  of  position  and 
time,  determined  by  Eu  and  e5  and  their  space  and  time  derivatives.  We  denote  these  functions 
by  the  customary  order  symbol  0(e")  if  there  exists  a  real  number  C,  independent  of  e,u,5  and 
their  derivatives  such  that 

IO(e")I<Ce"  e-»0  (27.11) 
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We  would  like  to  emphasize  that  the  infinitesimal  theory  which  we  wish  to  obtain  as  a  spe¬ 
cial  case  of  the  results  in  section  (12)  and  in  the  sense  of  (27.10)  is  such  that  all  kinematical 
quantities  (including  the  displacement  u,  the  director  displacement  5  and  other  kinematical 
measures,  as  well  as  their  space  and  time  derivatives  are  all  of  0(e). 


The  base  vectors  g*  can  be  obtained  from  (27.7): 

8a  ~  P,a  ~  (^,a  ^U,a)  ^(®.a  ■*"  ^^.a) 

(27.12) 

83  =  P3*  =  D  +  eS 

Similarly  the  base  vectors  gj  are  obtained  from  (27.8)i 

gi  =  r ,  =  (R eu).,  =  G,j -H  £u,,  (27.13) 

We  now  proceed  to  obtain  the  relative  kinematic  measures  Yij,  and  Yi-  To  this  end  we  first 
obtain 

gij  =  gi  •  gj  =  +  EUi)  •  (Gj  -i-  EUj)  =  Gij  -I-  e(Gi  •  Uj  -t-  G,j  •  u,i)  +  0(8^)  (27.14) 

di  =  gi  •  d  =  ((ii  eu,i)  •  (D  -I-  e5)  =  D,  -i-  eiG  •  5  +  uj  ■  D)  -i-  0(e‘)  (27.15) 

“  gi '  dj  =  (Gj  -i-  EU  j)  •  (D  j  -t-  eSj)  =  Ajj  -I-  E(Gj  •  5_j  -i-  u  j  •  Dj)  -i-  0(£^)  (27.16) 

From  (27.14)  to  (27.16)  we  obtain 

Yij  =  y  (gi  ■  gj  ~  Gj  •  Gj)  =  y  £(G,  •  u,j  -I-  Gj  ■  u,j)  -t-  0(£^)  (27.17) 

Y,  =  d,  -  D,  =  £(G.  •  5  -t-  u ,  •  D)  +  0(e2)  (27. 1 8) 

5^j  =  ?.,j  -  A,j  =  E(Gj  •  5.J  -t-  u,,  •  D,j)  +  0(e2)  (27.19) 

At  this  stage  it  is  desirable  to  elaborate  on  the  manner  in  which  the  process  of  linearization 
may  be  carried  out.  To  this  end  we  take  u'  and  5'  to  be  vector  functions  defined  by 
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u'  =  eu  =  0(e)  u'’  =  A’  •  u'  =  0(e) 

5'-c5  =  0(e)  5'i  =  Ai-5'  =  0(£) 

Making  use  of  (27.20)  and  (27.21)  we  may  rewrite  (27.17)  to  (27.19)  as 

Y'ij  =  ^(Gi-u'.j  +  Gj-u'.i) 

y'i  =  (Gi-5'-»-u'.i-D) 

^'ij  =  (Gr5'.j  +  u'..-D,) 

where  we  have  introduced  y  'ij,  y  \  5C'ij  which  are  of  0(e)  we  have 

yy  =  y'i,  +  0(e2)  =  0(E) 

y,  =  y'i-i-0(e2)  =  0(e) 

?(lj  =  ?C'ij  +  0(e2)  =  0(E) 

We  also  have 


(27.20) 

(27.21) 

(27.22) 

(27.23) 

(27.24) 

(27.25) 

(27.26) 

(27.27) 
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g*W=(glXg2)-g3 

=  [(Gi  -I-  eu  i)  X  (G2  +  eu  2)]  •  (G3  -t-  £u,3) 

=  {Gi  X  G2)  +  e(u  1  X  G2  +  Gi  X  U.2)  +  e^(u  1  x  u.2))  •  (G3  -t-  eu,3) 

=  (Gj  X  G2)  ■  G3  +  £(Gi  X  G2)  ■  u  3  + 

£(lij  X  G2)  ■  G3  +  £(Gi  X  U  2)  ■  G3  + 

E^(U  1  X  G2)  ■  U  3  +  £^(Gi  X  U  2)  ■  U  3  + 

£-(u  1  X  U  2I  •  G3  -r  £^(U,i  X  U  2l  '  U  3 

=  G''^  +  £{(G]  X  G2)  ■  U3-I-U1  ■  (G2xG3)-rU2‘  (G3  X  G;)-f  0(£^) 

=  G'^  +  £(G‘^G-’  •  u,3  +  G'^G'  •  U  1  +  G‘/2G2  •  u,2)  +  O(z-) 
or 

gl/2  =  +  £G>^G‘  ■  U.i  +  0(£2)  =  Gi/2  +  G’/2(GiJ  •  y 'ij)  +  OlE^) 

or 

1 +yO  +  0(E2)  i27.28) 

and 

-^  =  1 -I- 2g‘Jy 'jj -I- 0(£^)  (27.29) 

We  now  retain  only  terms  of  0(E)  in  expressions  such  as  (27.25)  and  hence  approximate  y.j,  y, 
and  by  Y',j,y'i  and  etc.  In  order  to  avoid  the  introduction  of  unnecessary-  additional 
notations  we  proceed  with  linearization  by  retaining  only  terms  of  0(e)  and  after  the  approxima¬ 
tion  without  loss  of  generality,  we  set  E  =  1.  In  this  manner  the  relative  kinematic  measures  y.j.  y, 

and  W,  reduce  to 
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y,j  =  y  (Gi  ■  u ,  +  Gj  •  u  i) 

(27.30) 

y,  =  Gi  6  +  u  i  •  D 

(27.31) 

We  also  obtain 

=  Gj  •  6  j  +  u_j  •  D  j 

(27.32) 

pg*^=  poG'''2 

or 

pG’^d  -(-y‘,)  =  poG’^ 

or 

(27.33) 
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28.  Linearized  field  equations 

Previously,  with  reference  to  the  linearization  of  the  kinematical  results  for  a  composite,  it 
was  assumed  that  all  kinematic  measures  such  as  Yij.  Yi  and  as  well  as  their  space  and  time 
derivatives  are  of  0(e).  TTiese  must  now  be  supplemented  by  additional  assumptions  in  a  com¬ 
plete  infinitesimal  theory.  We  now  assume  that  the  vector  fields  T',  S‘  and  k  are  all  zero  in  the 
reference  configuration.  We  further  assume  that  T',  S'  and  k  (or  their  components)  when 
expressed  in  suitable  non-dimensional  forms,  as  well  as  their  space  and  time  derivatives  are  all 
of  0(e). 

Recalling  the  linearization  procedure  of  the  previous  section  and  avoiding  the  introduction 
of  additional  notations,  we  now  regard  T',  S'  and  k  as  infinitesimal  quantities  of  0(E).  As  a 
result  of  linearization,  all  tensor  quantities  are  now  referred  to  the  initial  undeformed  surface  and 
covariant  differentiation  is  with  respect  to  Gjj  in  the  reference  configuration.  It  then  follows  that 
in  the  equations  (22.30),  (22.34),  (22.38)  each  term  is  of  0(E)  and  that  d‘,  and  d'lm  =  ?>.‘m  or 
must  be  replaced  to  the  order  of  e  by  D'  and  A'^  or  Ajm,  respectively.  We  omit  the  details  since 
it  is  a  straightforw'ard  calculation  and  merely  record  the  linearized  version  of  the  equations  of 
motion  as  follows; 


T'j  ,  +  Pobj  =  po(Uj-(-y‘5j) 

(28.1) 

y,  +  (poCj  -  kj)  =  Poly'iij  y26j) 

(28.2) 

E,jn{r'J-rs'''h\'^  +  D'kJ}  =0 

(28.3) 

where  the  venical  bar  in  (28.1 )  to  (28.3)  and  the  rest  of  this  section  denotes  covariant  differentia¬ 
tion  with  respect  to  G,j.  We  also  note  that  all  quantities  are  now  referred  to  the  base  vectors  G, 
of  the  reference  configuration. 

Moreover,  upon  linearization  we  obtain 
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t‘j  =  t‘J  -  A'mS’^J  -  D'kJ  (28.4) 

In  the  light  of  the  assumptions  stated  above  and  expression  (28.4),  the  energy  equation  takes  the 
form 


PoE  =  +  kS'.  =  P 


(28.5) 
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29.  Linear  constitutive  relations  for  elastic  composite  laminates 


This  section  is  concerned  with  the  derivation  of  the  constitutive  relations  for  a  composite 
laminate  in  terms  of  those  of  its  constituents.  In  what  follows  we  assume  that  each  of  the  consti¬ 
tuents  of  the  laminated  composites  is  a  homogeneous  isotropic  elastic  material.  We  recall  that 
within  the  scope  of  the  linear  theory  all  kinematical  variables  are  referred  to  the  reference 
configuration.  FYeviously  we  showed  that  the  strain  energy  function,  may  be  uritten  as 


V  =  ^29.1) 

We  assume  that  in  the  case  of  the  linear  theory  y  is  given  by  a  quadratic  function  of  the 
infinitesimal  kinematical  variables  7,j,  and  y^.  We  also  recall  that  after  systematic  lineariza¬ 
tion  of  the  expression  for  power,  we  obtained  for  the  linear  theory 

poe  =  T'JYj, +  s'j;^  +  k'Yi  =  P  (29.2) 

Since  the  rates  Yiji  "Kj  ^^d  Yi  are  all  independent  and  since  the  coefficients  are  rate  independent, 
after  substituting  (29.2)  into  (29.3)  we  obtain 


or 


-f- 


)  =  x‘JYj,  +  s'J?^  +  k'Y, 


(29.3) 


~  Po  ~ 


(29.4) 


Hence 
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(29.5) 


The  relationship  between  the  strain  energy  function  per  unit  mass  of  the  composite,  and  those 
of  the  constituents  is  given  by 


(29.6) 


Po¥  =  j  v(po*v’)d;  =  p(po>*)dq  =  ^(po’ivDdq  +  ^(po2¥2)d4 

A  A 

where  Poi.  and  denote  mass  densities  of  the  constituents  and  We  recall  that  in 
three-dimensional  linear  theory  we  have 


pjv’  =  4-  e;,ii  Y.I  Y 


(29.8) 


(29.9) 


We  also  recall  that  for  isotropic  elastic  materials  we  have 


E;^!  =  -t-  +  5'n5Jm) 


(29.10) 


t‘'J  =  p'(G’™G>  +  G*‘"G*J"’  +  G’‘JG*'"")Yn 


(2v  11) 


- .  2v* 


(29.121 
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For  an  explicit  set  of  constitutive  relations  the  integration  on  the  right  hand  side  of  (29.7)  must 
be  carried  out  using  (29.8)  for  PoV*.  Here  we  remark  that  as  in  the  case  of  two  dimensional 
theories  of  continuum  mechanics  (such  as  plates  and  shells),  except  possibly  in  very  special 
cases,  it  appears  to  be  extremely  difficult  to  calculate  the  function  Vj/  in  (29.2)  from  the  strain 
energy  function  vjt*  of  the  classical  three  dimensional  theory.  In  the  case  of  composite  materials 
this  becomes  more  complicated  due  to  the  existence  of  two  (or  more)  materials. 

Alternatively,  in  order  to  provide  constitutive  relations  in  which  the  coefficients  are  related 
to  elastic  constants  of  the  constituents  we  can  make  use  of  the  so-called  specific  Gibbs  energy 
function.  This  method  proves  to  be  more  convenient  for  the  derivation  of  the  linear  constitutive 
equations  for  a  composite  laminate  and  will  be  described  in  the  next  section. 
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F.  Application  and  comparison  with  the  available  theories 

In  this  part  we  proceed  to  accomplish  two  goals.  Frist  we  will  apply  the  theory  developed 
earlier  (specifically  in  part  E)  to  the  case  of  initially  flat  composite  laminates  in  which  each  ply 
is  modeled  as  an  initially  flat  Cosserat  surface.  We  will  also  apply  the  theory  to  the  case  of  ini¬ 
tially  clindrical  composite  laminates  where  each  ply  is  modeled  as  a  cylindrical  shell  (Cosserat 
surface).  In  addition,  we  develop  an  alternative  method  for  the  determination  of  the  linear  con¬ 
stitutive  relations.  This  method  which  makes  use  of  the  Gibbs  free  energy  function  is  more  suit¬ 
able  for  the  application  of  the  theory  to  various  cases.  Secondly,  we  will  compare  the  present 
theory  with  the  available  continuum  theories  and  point  out  the  features  that  are  unique  in  the 
present  theory. 
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30.  Preliminaries:  Part  I 

Before  proceeding  further,  we  dispose  of  some  results  which  are  independent  of  lineariza¬ 
tion;  however,  they  will  be  particular  useful  in  the  applications  of  the  linear  theory.  First,  we 
recall  that  the  position  vector  P*,  of  the  micro-body  (B  *,  in  the  reference  configuration  is  given 
by 

p’  =  R(Ti«,e3)-(-4D(n“.e3)  oo.d 

In  general,  D  in  (30.1)  is  a  three-dimensional  vector  having  components  D’.D^.D^  in  the  direc¬ 
tions  of  Gi,G2.G3.  However,  in  the  reference  configuration  without  loss  of  generality  we  may 
specify  D  by 


D=DA3  <  Da  =  0  .  D3  =  D(Ti“.e3)  (30.2) 

where  A3  =  A3  (r|“)  is  the  unit  normal  to  the  Cosserat  surface,  i.e.,  the  shell-like  representative 
element  at  composite  particle  P.  From  (30.1)  and  (30.2)  it  follows  that  the  base  vectors  G’  and 
the  metric  tensor  G  *.  of  the  micro-structure,  in  the  reference  (initial)  configuration  are 

Got  —  P,a  ■*"  ~  ':(DAl  I  ^  =  (jy  -r  ;^{D  y.A3  -(-  DA3  y)  =  Gy  T-  CD.A3  y  yA3  (30.3 ) 

and 

G3*  =  D  =  DA3  (30.4) 

We  recall  the  results 


A3  •  Ap  -  0  A3  y  •  Ap  +  A3  •  Ap  y  =  0 

Hence, 

'  '^3.(1  ~  ~  ^3  ’  ^p.a  ~  ~  Bpy  =  ~  Byp 


(30.5) 


and 
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A3.a  =  -B|Ap  (30.6) 

where  Bap  are  the  components  of  the  second  fundamental  form  of  the  surface.  By  (30.3),  (30.6) 
and  the  fact  that  Aa  =  Ga,  we  obtain 

G  •  =  Ga  -  ^DB^aAp  ^D.aA3  =  GpS^a  -  ^DB^aGp  ^D.aA3 

=  (6^  -  qDBPa)Gp  -H  ^D,„A3  (30.7) 

Let 

vPa  =  SPa-4DBPcx  (30.8) 

Then  by  (30.4),  (30.7)  and  (30.8)  we  have 

Ga  =  v^aGp  +  otA3 

(30.9) 

G3  =  DA3 

and  hence, 

GaP  =  vV*pG^5  +  ^2D.aDp 

G;3  =  Wa=T^(B»2).a  (30.10) 

G33  = 

Let  us  now  introduce  a  set  of  curvilinear  coordinates  such  that  =  ri“  and  where  is 
measured  to  the  scale  of  the  rectangular  Canesian  coordinates  (say  x'  =  x,)  along  the  positive 
direction  of  the  uniquely  defined  normal  A3  of  the  Cosserat  surface  (i.e.,  micro-structure).  Now 
in  the  reference  configuration,  which  we  take  to  be  the  initial  configuration,  the  convected  gen¬ 
eral  curvilinear  coordinates  6'  can  alw'ays  be  related  to  with  as  a  specified  function  of  ri“ 
and  t.  For  the  purpose  of  this  investigation  and  to  avoid  unnecessary  complications,  we  denote 
simply  by  and  specify  it  by 

;  =  aTl“)^  (30.11) 

where  C  is  a  function  of  only.  In  the  special  case  that  CTq“)  =  1  we  obtain  ^  ^  in  the 
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reference  configuration.  The  coordinate  system  where  ^  is  measured  along  the  normal  to 

the  Cosserat  surface  is  called  normal  coordinate  system.  Thus  with  ^  specified  by  (30.11),  the 
position  vector  P*  of  the  micro-body  “3*  in  the  reference  configuration  referred  to  the  normal 
coordinates  is  given  by 


P*  =  R(ti“,03)  -t-  I;A3(ti“  03)  (30. 1 2) 

Let  G  *  and  Gj*  denote  the  base  vectors  and  the  metric  tensor  associated  with  the  normal  coordi¬ 
nates.  From  (30.12)  we  obtain 


G  *  =  +  CAj.a  =  Gp5Pa  -  CB^aAp  =  (6^a  -  CB^a)Gp 

Hence,  we  have 

Ga  =  li*^aGp 
G3  =  A3 

where 

From  (30.13)  we  have: 

Gap  =  |i^aP-^pG.|,6 

G^  =  0 

G33  =  1 

A  comparison  between  (30.1)  and  (30.2)  with  D  specified  by  (30.2)  reveals  that 


(30.13) 


(30.14) 


(30.15j 


C  =  Dq 


(30.16) 


which  is  the  transformation  relation  between  and  Moreover,  under  this  transformation,  we 
obtain  from  (30.8),  (30.14)  and  (30.15) 
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V^a  =  5Pa  -  ^DB^a  =  =  11^  (30.17) 

If  we  let  det  (v^J  =  ^  and  det  (^Pq)  =  ^  we  obtain 

(30.18) 

It  is  worth  noting  that  the  metric  tensors  Gj*  and  G;*  become  identical  when  evaluated  on  the  sur¬ 
face  ^  =  0  or  ^  =  0  in  the  reference  configuration  and  are  both  given  by 

Gap  =  Gap  =  Gap 

Gi  =  G^  =  0  (30.19) 

G3*3  =  G3*3  =  1 

We  now  proceed  to  obtain  expressions  for  Gj,  Gy  and  G'^  corresponding  to  coordinates  6^ 
Consistent  with  the  kinematic  assumption  (30.2)  we  take  the  function  R(6“  0^)  to  be 


R(0“,03)  =  R(0«)  03A3(0«) 

From  this  we  have 

Ga  =  R.a  =  B.a  +  0^A3  a  =  R,a  ~  0^B'>’aAY 

G3  =  R,3  =  (O^At)  3  =  A3 
and 

Gap  =  (R.a  -  0^B1^aAY)  '  (R.p  -  03B5pA6) 

=  R  a  •  R,P  -  03BT'aAY  '  R.p  -  03B5pA5  •  R  a  +  (03)2BT^aB5pA.,  ■  A3 

=  R,a  •  R.p  -  03(BT'aAY  ■  R.p  -  B^pAy  •  R,a)  -t-  (03)2BYaB5pAY  ■  As 

=  R.a  •  R.p  -  0^(BVaR.p  +  BrpR  j  •  A.y-t-  (03)2Br„B5BA^  •  A5 
Hence  we  have 


(30.20) 


(30.211 
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Gap  =  R.a  •  R,p  -  e^CBT^aR.p  +  BYpR.a)  4-  (e3)2BTraB5pA^ 

Ga3  =  (Ra-0^BYaAY)-A3  =  O 


G33  =  A3  •  A3  =  1 


Also, 


G^^  =  [Gi,G2,G3]  =  (Gi  X  G2)  ■  G3  =  (Gi  X  G2)  •  A3 


=  [(R.i  -  e^BTT,  A^)  X  (R  2  -  e^B^As)]  •  A3 


=  (R.i  X  R  2)  •  A3  -  e^fEViCA^  X  R.2)  -i-  B'.’'2(R.,  x  Av)]  •  A3 


+  (e3)2BV,BS2(A^x  As)  -  A3 

We  now  combine  the  assumptions  (30.2)  and  (30.20)  to  obtain  from  (30.1) 


P*(0“  6^,4)  =  R  4DA3  =  R  +  03 A3  +  4DA3 


From  this  we  obtain 


Ga  =  R.a  -  ^(DA3),a  =  R.a  +  ^D.aA3  -  ^DBT^A^ 


Hence,  w  e  have 


Ga  =  Ga  -  ^DBT'aG^  -r  ^D,aA3  =  vYaGy  +  ^D.aAs 


G3*  =  DA3 


where 


vT'a  =  5^a-^DBYa 


Moreover,  from  (30.25)  we  obtain 


(30.22) 


(30.23) 


(30.24) 


(30.25) 


(30.26) 
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Gap  -  (Vl'aCy  +  cD  aA3)  •  (v^pGs  -t-  pA3)  =  p 

0,^3  =  (V^-aG^-^  4D.aA3)  '  (DA3)  =  Wa  =  y 


G3’3  =  (DA3)  (DA3)  =  D2 

and 


G*’/2  =  [Gr,G2.G3*]  =  (Gr  X  GD  •  G3’ 


=  {(vYiG^+  CD  1A3)  X  (V72G5  +  qD.2A3))  ■  (DA3) 

=  {vY,vV2(G^  X  Gg)  +  ^D,2Viri(GY  x  A3)  ^D.iv52(A3  x  Gg))  ■  (DA3) 

=  DvT^iv52(G-yX  Gg)  •  A3 
=  D{V*iV*-2(Gi  X  G2)  "t  v2jv'2(G2  X  G]))  ■  A3 
=  D{v*iv22(Gi  X  G2)  -I-  v2jv'2(G2  X  Gj))  •  A3 


—  D(V*iv22  -  V‘2v2j)(Gi  X  G2)  '  G3  =  DG^'^2(jet(v“p) 


where  in  obtaining  (30.28)  we  have  made  use  of  (30.23).  Since 


V  =  D  det(vP(x) 


we  obtain  from  (30.28) 


V  =  D  det(vPa)  =  ( 


1/2 


(30.27) 


(30.28) 


(30.29) 
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31.  Preliminaries:  Part  n 

In  the  rest  of  this  development  we  assume  each  ply  of  the  composite  is  sufficiently  thin  and 
confine  our  attention  to  the  field  equations  of  the  linearized  theory  (28.1)  and  (28.2).  Moreover, 
for  the  position  vector  R  and  the  director  D,  in  the  reference  (initial)  configuration,  we  adopt  the 
assumptions  (30.20)  and  (30.2).  Hence,  in  the  reference  configuration  we  have 

R(e“,e3)  =  R(0“)-he3A3  (3i.i) 

D  =  DA3  ,  Da  =  0  ,  D3  =  D(ri“)  =  D(e“)  (31.2) 

and 

P*  =  R  +  ^DA3  =  R  +  (03 -h  ^D)A3  (31.3) 

As  mentioned  before,  within  the  scope  of  the  linear  theory  gi,gi*,ai,g*/^g*’^  and  a*^  may  be 
replaced  by  their  reference  (initial)  values  in  the  definitions  of  the  various  resultants.  We  now 
proceed  to  obtain  the  resultants  which  occur  in  the  linearized  equations  of  motion.  Consider  T” 
and  within  the  context  of  the  linear  theory  make  use  of  (18.7),  (21.26)  to  write 

T«  =  =  j  r“d^  =  J  ^  G*i^T*“JGj*d^ 

or 
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Gl/2(xaPGp  +  x“3G3)  =  j  ^  G*l/2(x‘“PGp  +  X*“3G3  )d^ 

=  J  o  +  4D.PA3)  -I-  x'“3DA3  )d^ 

=  J  ^  vG'^'^MpGyd^ 

+  |^vG»/2(^3X*“P  +  Dx*“3)A3d^  (31.4) 

where  in  obtaining  (31.4)  we  have  made  use  of  (30.25)  and  (30.29).  Since  Gp  and  A3  are 
linearly  independent  vectors  and  since  Gp,  A3  and  G'^  are  independent  of  it  follows  from 
(29.4)  that 


xttP  =  |\x*“VvP^^  ,  x«3  =  |^\(^DpX*“P  +  Dx*“3)d^  (31.5) 

We  note  that  the  composite  stress  vector  is  not  related  to  T*^  (within  each  constituent  of  the 
composite)  and  must  be  specified  by  a  constitutive  relation  separately.  In  a  similar  manner,  we 
consider  S“  and  within  the  context  of  linear  theory  we  use  (18.1 1),  (21.38)  to  write 

S“  =  Gi/2s“JGj  =  J  d^  =  J G*i^*“jG*j^  d^ 

or 
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Gl/2(saPGB  +  s“3G3)  =  J  ^  +  T*“3G3 

=  J  O  G*^^{x*‘^^(vifpG^+  pA3)  +  x*“3DA3)4 
=  j^vGi/^*“MpG^  d^ 

+  vG1/2(^D  px*“P  +  Dt*“3)A34  d^  (31.6) 

where  in  obtaining  (31.6)  we  have  made  use  of  (30.25)  and  (30.29).  Since  Gp  and  A3  are 
linearly  independent  and  since  Gp,  A3  and  G*^  are  not  functions  of  we  obtain  from  (30.6) 

S“P  =  j^VT*“A/P^d^  ,  s“3=jS(^DpT*“P  +  Dx-“3)^d^  (31.7) 

We  recall  that 


s3'  =  0  (31.8) 

Next,  we  consider  k  and  in  the  same  manner  we  write 

G>/2k  =  G'^(k°Ga  +  k3G3)  =  J  =  j  G*i^x*3jGjd^ 
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Gl^(k“Ga  +  kUs)  =  f  G*J%*3aG  •  +  T*33G3*)d^ 

=  j  G*J/2{t*3a(vY„GY  +  ^D,aA3)  -t-  T*33DA3  jd^ 

=  j\Gl/^*3“vTfaG^^ 

-t-  f^vG‘/2(4Dat*3“-i-Dx*33)A3d^  (31.9) 

where  again  in  obtaining  (31.9)  we  have  made  use  of  (30.25)  and  (30.29).  By  the  usual  argu¬ 
ment  it  follows  from  (31.10) 

=  ,  k3  =  j\{^D.aT’3a-fDt*33)d^  (31.10) 

Collecting  the  results  of  this  section,  we  have 

TaP  =  J^VX*“TVP^^  ,  X«3  =  j\(^DpX*“P-f-Dx*“P)d^ 
x^‘  or  must  be  specified  directly  by  a  constitutive  equation. 

saP  =  J^Jvx*“A/P.^d^  ,  s“3  =  J^v(^D.pX*“P-HDx*°P)^d^  (31.11) 

s^'  =  0  or  =  0 

k“  =  J  ^  vx*3A'“.yd^  ,  k^  =  j  v(4D  mX*3“  -i-  Dx*33)d^ 

The  resultants  in  (31.11)  are  defined  in  terms  of  the  Sw.ss  tensor  x*'j  referred  to  the  convected 
coordinates  Ti‘  =  {6“,^). 

Next,  we  proceed  to  obtain  the  counterpans  of  (31.11)  in  terms  of  normal  coordiantes 
=  (t1“,C)  =  {6“  0  where  we  have 
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C  =  D^  (31.12) 

Let  the  contravariant  stress  tensor  in  the  context  of  classical  continuum  mechanics,  referred  to 
the  normal  coordinates  Q  be  denoted  by  The  relationship  between  T*‘j  and  T*‘j  is  obtained  by 
making  use  of  the  transformation  law  between  two  second  order  tensors  as  follows: 


i 


*kl 


(31.13) 


Hence, 


and 


?ap  =  +  Et  T-^) 


3ti' 


3ri''^  3n^  3ri3 


(31.14) 


•k3-> 


=  5%'^D,x)t’^^  +  D5“YT*r3  =  ^  D>Px*“P  +  Dt*“3 


(31.15) 


3C^  -*33\ 


^-33) 


=  4  D,y  (^  Dx'i*y^  +  Dt*Y3)  +  D(^  D.xX*3^  +  Dx*33) 


=  ^2D_„D.pX*“P  +  2^DD.aX*“3  +  d2x*33 


(31.16) 


We  note  that  if  the  thickness  of  the  representative  element  in  the  direction  of  normal  is  h2,  we 
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have 

^  =  0  at  ^  =  0 
C  =  h2  at  ^  =  ^2 

Hence 


(31.17) 


D^2  =  h2 

which  relates  £2  to  h2  and  D.  In  panicular.  if  D  =  1  we  obtain  D  =  A3  and 


(31.18) 


^2  =  h2 

We  now  define  a  new  set  of  composite  field  quantities  in  terms  of  t*'-'  as  follows 

.  V“  =  =  f V?“^dq 

?“  =  03D.pTP“+Dx3a 

733  =  (03)2D  „D,pXaP  -I-  03DD.a(X“3  +  x3“)  +  0^x33 


(31.19) 


?^P  =  £Vx*“T^pf^d^  .  ^  =  £Vx*“3fd^ 


(31.20) 


s3'  =  0 


V3  =  q(x*33  -  BapX*“3'qP-^)d4 

where  p^yand  p  are  given  previously  by  (30.17)  and  (30.18).  Making  use  of  (31.14)  to  (31.16) 
in  (31.20)  we  obtain 


T«P  =  'cci(i  ,  V®  =  x“3  =  t“3  =  Dk“  +  DB“yS'^ -I- sP“D,p 

7J  =  Ds‘J  ,  V3  =  Dk3  -  DBaps“P D  uS“3 
which  relates  the  two  sets  of  definitions  (31.1 1)  and  (31.201. 


(31.21) 
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32.  Linear  constitutive  relations  for  composite  laminates:  An  alternative  procedure 

In  this  section  we  introduce  an  alternative  procedure  for  the  derivation  of  the  linear  consti¬ 
tutive  equations  for  a  composite  laminate.  The  method  takes  advantage  of  the  specific  Gibbs 
energy  function^. 

We  recall  that  the  central  idea  in  the  derivation  of  the  constitutive  relation  for  an  elastic 
composite  laminate  was  that  the  specific  internal  energy  is  given  by  a  function  of  the  form  (29.1) 
where  in  the  case  of  the  linear  theory  it  reduces  to  a  quadratic  function  of  its  arguments.  As 
mentioned  previously,  although  expression  (29.6)  is  elegant,  the  explicit  integration  of  (29.6)  in 
most  cases  becomes  exceedingly  difficult.  Here  we  provide  and  alternative  approach  for  explicit 
derivation  of  the  constitutive  relations  (for  the  linear  theory  of  a  composite  laminate)  in  which 
the  coefficients  are  related  to  the  elastic  constants  of  the  constituents. 


We  recall  that  the  constitutive  equations  of  the  classical  linear  theory  of  elasticity  in  the 
context  of  purely  mechanical  theory  may  be  expressed  in  terms  of  the  three-dimensional  specific 
Gibbs  free  energy  function,  say  q*,  in  the  form^ 


at’-J 


where  y*  is  the  infinitesimal  strain  and  where  q*  and  \j/*  are  related  through 


(32.1) 


0*  =  d*(x*'J)  =  v|/*(y*)  -  i  x*i>yij 

Po 


(32.2) 


and  0*  and  \\f*  are  quadratic  functions  of  their  arguments  and  both  also  depend  on  the  reference 


2  This  idea  was  first  introduced  by  Green,  Naghdi  and  Wenner  [1971],  in  the 
context  of  Cosserat  surface  theory. 

3  The  panial  derivative  is  understood  to  have  the  symmetric  form 


1 

T 


ad’  .  ad*  ^ 
ax*-j  ax*'j  ^ 
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vaiues  of  Gi*.  It  may  be  noted  that  the  function  0*  defined  by  (32.2)  is  the  negative  of  the 
expression  for  the  complimentary  energy  density.  We  now  recall  that  the  Gibbs  function  q*  for 
an  initially  homogeneous  and  isotropic  material  can  be  expressed  as 

=  {-  ^  GtaGj-n  +  ^  GijG^)  (32.3) 

where  Gj*  is  the  initial  metric  tensor,  E’  is  Young’s  modulus  of  elasticity  and  v*  is  Poisson’s 
ratio. 


Within  the  scope  of  the  linear  theory  and  corresponding  to  (29.6)  we  define  a  composiu  QiBbs 
free  energy  (OT  a  "composite  complementary  energy")  (!)  as  follows: 

PoG>^(!)  =  j"'p;G->^-(?M^  (32.4) 

J  O 

From  (32.2),  by  integration  with  respect  to  ^  between  zero  and  we  obtain 

Po*G*'^2(j,*d^  =  r  -  f  G*>^T*i'yi-d^  (32.5) 

o  J  o  ■>  o  ■' 

Considering  (23.6),  (32.2)  and  (32.4),  we  may  rewrite  (32.5)  as 

p„G'«0  =  -  J  vG'fit-'JYiJd? 

■'  O 

or 


0  = 


(32.6) 


where  in  obtaining  (3.26)  we  have  made  use  of  (30.29).  By  making  use  of  the  expressions  for 
t*'J-  Y,j',  the  expressions  for  various  resultants  and  the  kinematic  assumptions  for  R  and  D.  we  can 
express  the  integral  in  (32.6)  in  terms  of  the  various  resultants  and  their  corresponding  relative 
kinematic  measures.  However,  as  before  the  constitutive  relations  for  the  interlaminar  su-ess 
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vectors  T*  should  be  specified  directly.  Keeping  this  and  expressions  (32.2)  and  (32.6)  in  mind, 
we  assume  the  existence  of  a  Gibbs  free  energy  function  p,  such  that 

Po<l>  =  po^(x‘j,s'j,k‘)  =  poV -  (?%  +  s'i^Cj  -H  k'Yi}  (32.7) 

Differentiating  both  sides  of  (32.7)  with  respect  to  t,  we  obtain 
po‘E=  poV  =  pop  +  ('c'-'  Vij)  +  (s‘J:3:Ij)  +  (k'  7i) 

=  poP  -I-  T'-'Yij  +  +  s‘j  Xi  +  s‘J  :^  +  k'Yi  +  k'Yi  (32.8) 

Next,  we  substitute  (32.8)  in  the  expression  for  power  (31.3) 

pop  +  +  s'i‘J(^  +  k‘Yi  =  v%  +  k‘y, 

or 

or 
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site,  and  those  of  the  constituents  is  given  by 

PoGi/2(!)=f'^^p;G-5/2(},-d^  (32.11) 

J  O 

or 

Po9  =  j  ^  v(pJ0*)dq  =  p{p;<!)*)d4  =  f  ‘  )i(po*i<>r)d^  +  f  p(po292)dq  (32.12) 

JQ  jQ  'O  ^rl| 

where  o*  for  an  isotropic  elastic  material  is  given  by  (32.3).  The  explicit  determination  of  the 
various  coefficients  in  constitutive  relations  is  beyond  the  scope  of  this  project  and  is  left  for  a 
follow-on  project. 
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33.  Some  results  for  the  case  of  a  normal  director 

We  recall  that  in  the  context  of  the  present  Cosserat  composite  theory,  director  d  is  a  three 
dimensional  vector  associated  with  each  composite  particle  and  in  general  the  only  restriction 
placed  on  d  is  that  it  cannot  be  tangent  to  any  ply.  The  case  in  which  the  director  D,  at  each 
composite  particle  in  the  reference  configuration,  is  taken  to  be  the  unit  normal  to  the  ply  is  of 
special  interest.  In  such  case,  in  order  to  allude  to  the  direction  of  D  in  the  present  configuration, 
we  may  refer  to  director  as  "normal  director."  This  section  contains  some  results  for  the  case  of  a 
normal  director.  The  results  of  this  section  will  be  helpful  when  we  apply  the  theory  to  the  cases 
of  initially  flat  and  initially  cylindrical  composite  laminates.  Therefore,  in  this  section  as  well  as 
in  the  rest  of  this  development  and  within  the  context  of  the  linearized  theory  we  confine  our 
attention  to  the  case  for  which  D  is  unit  vector.  Hence,  we  make  the  following  kinematical 
assumptions  in  the  reference  (initial)  configuration: 


R(0“,03)  =  R(e“)  4-  03A3 

(33.1) 

D  =  A3 

(33.2) 

and 


P*(e^e^,c)  =  R(0«  e^)  +  cD(0«  e^)  =  R  +  (0^  +  gA3  (33.3) 

where  P’  is  the  position  vector  of  an  arbitrary  point  P*  of  the  micro-body,  R  is  the  position  vec¬ 
tor  of  the  point  P,  corresponding  to  r*.  in  the  macro-body,  and  D  is  the  director  at  point  P.  It  is 
worth  observing  that  in  (33.1,)  and  (33.3)  the  term  involvin  q  accounts  for  the  effect  of  micro¬ 
structure  while  the  term  .nvolve  0^  represents  the  continuum  behavior  of  the  macro-structure, 
namely  the  composite  laminate.  In  this  connection  it  is  imponant  to  realize  that  if.  at  the  outset, 
in  (33.3),  we  discard  c  with  respect  to  0^  we  will  lose  the  effect  of  the  micro-structure  in  the  con- 
•inuum  formulation  of  composite  laminates. 
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From  (33  “!)  it  follows 


Da  =  0  ,  D3  =  D(ti“)=1 


(33.4) 


From  (33.1)  we  obtain 


^  03a3^  =  R^  -  03BYaA^  =  R.a  -  e^BY^Gv 


<:,  =  |b=r3  =  a, 


Making  use  of  (33.6)  we  write 


Gap  =  R.a  •  R.P  -  e^(BVaR,p  +  •  \y+  (03)2BYaB^pA^5 


(33.5) 


(33.6) 


Ga3  =  'R.a-B^BV„A^)- A3  =  0 


(33.7) 


G33  =  A3  •  .A3  —  1 


=  [G| ,G2,(iiI  =  *G|  X  Go)  ■  (»3  —  ((j]  X  Gt)  ■  A3 


=  (R,i  X  R,2)  •  Ar  -  93pVi(AvX  R.2)  •  A3  -  e^BT2(R,,  x  Av)  •  A3 


+  (e3)2BY,B‘M.Avx  Ar.)  ■  A3 


(33.8) 


Moreover,  t'rom  (33.2)  and  (33.3)  it  follows 


r""  •  _  9P  _  5P  _  IJ  r  K  —  I? 


“B  '^Ay  - 


(i-  =  iEl  =  A, 

ag 


(33.9) 


Vvj(  — Ovi  ..B))-t  — U'(j 


(33.10) 
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and 


V  =  D  det(  Vi'q)  =  det(v'y  =  det(|i''a)  =  |i 
Making  use  of  (33.9),  we  obtain 


Gap  —  v^a^^pGyS  — 
Gi  =  0 


G33  =  1 

and 


Q-\r-  =  G'-deuv'^^)  =  vG’-'-  =  laG*^ 
or 

v  =  ,.^)i.-2  =  u 

In  view  of  (33.1  i  to  (33.3)  and  (33.10)  to  (33.13)  expressions  (31.11)  are  reduced  to 


^^-^2  hi 

r<^P  =  I  vt*“A’Pvd^  ,  =  I  vta’“^dc 


or  T-  are  specified  by  a  constitutive  equation  directly. 

^2-h2  C2=h2 


s“P=  I  vr'“A’P.cdc  .  =  f  vi'“^^dc 


s- '  =  ()  or  S'  =  0 


;2=h; 


k“  =  I  j  vx'^-dc 


while  definitions  1 3 1.20)  becon,e 


(33.11) 


(33.12) 


(33.13) 


i33.14) 
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_  ^3a  ^  "pS  _  ^33 


*‘2  _  “2  _ 
=  i^^-ccY^U^d^  ,  ?^  =  I 


(33.15) 


v3  =  j  ^(x*33  _  BapX*“'^4l3.^)d; 

6 

.Also,  the  transformation  between  x*'j  and  x’'J,  namely  expressions  (33.14)  to  (33.16),  are  now 
2iven  bv 


T*'J  =  t‘y 


(33.16) 


Finallv  the  relations  between  the  two  sets  of  definitions  (33.14)  and  (33.15)  are  reduced  to 


pp  _  ya  =  .rCi3  =  .ja3  _  j^a  +  30^73 


?J  =  s'J  v3  =  k3  -  Ba(3S“l^ 


(33.17) 
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34.  Theory  of  initially  flat  composite  laminates 

We  are  now  in  a  position  to  apply  the  theory  of  Cosserat  composite  to  special  initial 
geometric  configurations.  In  this  section  we  apply  the  theory  to  the  case  of  an  initially  flat  com¬ 
posite  laminate.  The  case  of  an  initially  cylindrical  composite  laminate  will  be  considered  in  the 
next  section. 

Consider  a  composite  laminate  and  let  its  plies  be  flat  (i.e.,  having  no  cur\'ature)  in  the 
reference  (initial)  configuration.  Let  ei  (i  =  1,2,3)  be  the  base  vectors  associated  with  a  system 
of  Canesian  coordinates  Xj  (i=  1,2,3).  The  position  vector  of  a  plane  surface  perpendicular  to  63 
and  passing  through  the  point  (O.O.c)  may  be  specified  by 

p(x*)  =  x’ei  +  x^e2  +  ce3  (34.1) 

where  c  is  a  constant.  In  view  of  (34,1)  and  recalling  formulae  (33.1)  to  (33.3)  we  adopt  the  fol¬ 
lowing  kinematical  assumptions  for  an  initially  flat  composite  laminate: 


R(x'^„x^)  =  x'ei  -f-  x^e2  +  x^e3 

(34.2) 

0 

II 

> 

11 

ft 

(34.3) 

and 


P*(x“  x^.qj  =  R  +  Cce  =  x'cj  +  x'Ct  +  (x^  Oe3  (34.4) 

We  recall  that  (34.2)  specifies  the  position  of  an  arbitrary  macro-panicle  of  the  composite  lam¬ 
inate  while  the  position  vector  of  the  micro-particle  corresponding  to  the  macro-panicle  is  given 
by  ( 34.4 ). 

Fir.5t  we  proceed  to  obtain  various  quantities  associated  with  the  surl'ace  (34.2).  The  base 
vectors  of  the  surface  are  obtained  from  (34,2)  as  follows: 
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=  e,  , 


The  components  of  the  surface  metric  tensor  are 


A2- 


(34.5) 


All  =  ei  -61  =  1 


AqP  -  Aa  •  Ap 


Ai2  —  A21  —  A|  •  A2  =  0 


(34.6.a) 

A22  =  62  ■  Ct  =  1 


or 


(Aa(}>  = 


0 


(34.6.b) 


.Moreover,  we  have 


A“PAp,^  =  5“y  =>  A“P  =  (Aap) 


-1 


(34.7) 


Hence. 


A«P  = 


L 


0  1 


-1 

"  V 

0| 

1  0 

'J 

0  1 
^  J 

(34.8) 


The  conjugate  base  vectors  ot  the  surface  are  iiiven  bv 


A«  =  A‘^PA(5 


Therefore 


A‘  =  A“A,  ^  A>;a.  =  A. 


A-  =  A-'A,  ^  A-A.  =  A. 


e- 


The  unit  normal  to  the  surface  follows  from  (34.‘»i: 


1 34.9 1 


Ai 


A,  ■  A: 


(34.101 


which  contimis  (34.3).  In  view  of  (34.5.b)  and  the  expressions  for  Christoffel  symbols  of  the 
first  and  second  kind,  i.e.. 


and 


{a^p)  =  a'/W.5l 


In  view  of  (34.6.b),  it  is  clear  that  all  Christoffel  svmbols  vanish,  i.e.. 


[ap,Yl=(aT^3)=0 


Coefficients  of  the  second  fundamentai  form  of  the  surface  are  given  bv 


(34.11) 


(34.12) 


Bap  =  Aa,p  '  A3  =  -  Aj3  •  A}_a 
It  then  follows  from  (34.4)  and  (34.13)  that 


(34.13) 


BoP  =  B“p  =  0  (34.14) 

This  shows  that  for  an  initially  flat  ply  (plate;  the  components  of  the  second  fundamental  form  of 
the  surface  vanish  identically. 


Next,  we  obtain  the  various  kinematical  quantities  associated  with  micro  and  macro  contin- 
uua  for  the  case  of  initially  fiat  composite  laminate.  From  (33.6)  it  follows 


_  Dr  _  f)R 
D0“  D.x“ 


(34.15) 


From  (34.15)  we  obtain 
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Ga3  =  R.a  ■  G3  =  Ca  •  63  =  0 
G33  =  G3  •  G3  =  63  •  63  =  0 


Also, 


(Gi,)  = 


0  0 
1  0 
0  1 


i34.l6.aj 


(34.16.b) 


G‘^  =  ((ji  X  (13)  ‘  G3  =  (C]  X  63)  63—1 


Moreover,  from  (33.9),  (34.4)  and  (34.14)  we  have 


r!  •  _  —  oP  _  D  _  JiDY  %  —a 


P .  _  3P’  _  5P*  _  ,  _  ^ 


.Also,  from  (33.10)  and  (33.1 1)  we  obtain 


(34.17) 


(34.18) 


\'^n  —  )J.^a  — 


(34.19) 


and 


V  =  D  det(vY„)  =  )i  =  1  (34.20) 

Making  use  of  (34. 18),  we  obtain 

Ga(j  =  (jr*  ■  (iij  =  c,i  ■  e[3 

Grx}  =  ( j|-i  •  (13  =  •  Cl  =  0  ( -■'4.2 1  .a ) 

0^3  =  (i7  ■  (i  *  =  CM  '  V“3  =  1 
nr 
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f 

I  0  0 

(Gip=  0  1  0  (34.21.b) 

0  0  1 

L 

It  then  follows  that 

G*i/2  =  (Gj*  X  G2’)  •  Gj’  =  (ei  X  62)  •  63  =  1  (34.22) 

By  (34.17)  and  (34.22)  we  have 

(.^)i/2=i=v  =  u  (34.23) 

which  confirms  (34.20).  In  view  of  (34.2)  to  (34.4)  and  (34.23)  formulae  (33.14')  and  (33.15) 
.simplify  as  follows: 

=  v“  =  k“  =  I  x’^^dC 
Jo’’  Jo 

x3i  _  bg  specified  by  a  constitutive  relation  directly 

^(1  ^  ^  =  j;a3  (34.24) 

s-'  =  0 

k3  =  v3  =  I  x-'^3dr 

where  in  obtaining  formulae  (34,24)  v-e  have  noticed  that 

x'>J  =  x'.j  (34.25) 

where  x*'-'  are  now  Cartesian  components  of  the  classical  stress  tensor. 

We  recall  at  this  point  that  because  all  quantities  are  now  referred  to  rectaneular  Cartesian 
axes,  covariant  differentiation  with  respect  to  metric  ten.sory  Gjj  is  reduced  to  panial  differentia¬ 
tion  with  respect  to  x'  (or  x.jand  no  Distinction  needs  to  be  made  between  superscnpts  and  sub- 
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scripts.  In  view  of  this,  expressions  (26.30)  to  (26.32)  are  reduced  to  * 


Yij  =  yCui.j  +  u,.i) 

(34.26) 

Yi  =  5i  -1-  U3.i 

(34.27) 

(34.28) 

Finally,  with  the  help  of  (34.3)  equations  of  motion  for  the  case 

ante  are  reduced  to  ^ 

of  an  initially  composite  lami- 

4ij,i  +  Pohj  —  Poftlj  +  y^5j) 

(34.29) 

Sij.i  +  (poCj  -  kj)  =  po(y’5j  +  y“5p 

(34.30) 

(34.31) 

We  observ'e  that  in  (34.31),  €ijn  is  skew-symmetric  with  respect  to 

i  and  j;  hence  it  follows  that 

(34.32) 

This  indicates  that  in  the  case  of  an  initially  flat  composite  laminate  the  components  of  the  com¬ 
posite  stress  tensor  are  symmetric.  The  same  conclusion  can  be  reached  from  expressions 
i34.24);,2,  i.e.. 


h: 


in  view  of  the  symmetry  of  the  classical  stress  tensor. 


‘  In  expressions  like  (34.27)  the  Greek  letters  such  as  6,  denote  components  of 
the  director  displacement  vectors,  etc.  This  should  not  be  confused  with  the  use 
of  Greek  letters  as  indices  in  vanous  expressions. 


35.  Theory  of  initially  cylindrical  composite  laminates 


In  this  section  we  continue  to  apply  the  theory  of  Cosserat  composite  to  initially  cylindrical 
composite  laminates. 

Consider  a  composite  laminate  and  let  its  plies  form  a  set  of  concentric  right  circular 
cylindrical  surfaces.  Let  x‘  (i  =  1,2,3)  and  {r,9,z}  denote  Cartesian  and  cylindrical  coordinates 
with  a  common  origin  in  a  Euclidean  three-dimensional  space.  Let  e;  (i  =  1,2,3)  and  {er,e0,ez} 
denote  the  unit  base  vectors  in  the  foregoing  coordinate  systems,  respectively.  We  recall  that  a 
right  circular  cylinder  of  radius  r  may  be  defined  by  a  position  vector  of  the  form 


P  =  rer-i-zez  (35.1) 

Recalling  the  relations  between  the  unit  base  vectors  in  Cartesian  and  cylindrical  coordinate  sys¬ 
tems,  i.e., 

Cr  =  cos  6  ei  +  sin  6  63 

ee  =  -  sin  6  C] cos  0  e:  (35.2) 


we  oDtain 


ez  =  e3 


P  =  (r  cos  9)ci  T  (r  sin  0)e2  -r  ze?  (35.3) 

It  is  wonh  mentioning  that  sometimes  it  is  more  convenient  to  consider  an  alternative  represen¬ 
tation  of  the  cylindriccal  surface  (35.3i  as  follows: 

P  =  (r  cos  -^Ici  ^  (r  sin  —  ;e->  ze-(  (35.4i 

r  r  “ 

'.vhere  s  =  rd  is  the  arclength  measured  from  a  fixed  point  (9  =  (d  along  the  :,eciinn  carxe.  Let  as 
now  introduce  a  set  of  coordinates  9'  (  i  =  1.2.3)  such  that 
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ei=r0  ,  02  =  z  ,  e3  =  r 


(35.5) 


Hence,  in  terms  of  6‘  coordinates  we  have 


P  =  (03  cos  |j)ei  +  (0^  sin  ■|3-)e2  +  0^63 


(35.6) 


This  representation  will  facilitate  much  of  the  intermediate  steps  especially  in  connection  to  cal¬ 
culation  of  the  various  quantities  of  the  surface. 


In  view  of  the  foregoing  explanation,  we  now  adopt  the  following  kinematical  assumptions 
for  an  initially  cylindrical  composite  laminate 

R(r,0,z)  =  re,  -i-  ze. 


D  =  A3  =  c. 


(35.7) 


P*(r,0,z,O  =  (r  -I-  Qcj  +  ze^ 
Making  use  of  (35.5),  we  can  rewrite  this 


R(e“,e^)  =  (0^  cos  |^)e,  (03  sin  |})e2  +  0^63 


Q\  91 

D  =  A3  =  (COS  ^;ei  4-  (Sin  p-)e: 


p*(0«.e-\:;  =  t(e3  4:)cos  -Itje,  +  '.(03  +  ;)sin  -|!.jc;  +  03e3 

'  f-1  J 


The  base  vectors  of  the  suri'ace  are  obtained  from  (35.8  )i  as  follows 


.  _  dK 


Hence  we  have 
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Ai  -  R.e*  =  -^  (-  9^  sin  |^;ei  +  (9^  cos  |^)e2 


and 


01 


e‘ 


=  -  (sin  -|j-)e,  +  (cos  ^)e2  =  Cq 


^2  -  R.92  -  ^3  =  Pz 

From  (35.9)  and  (35.10)  we  obtain  the  components  of  the  surface  metric  tensor  Aap 


Aap  =  Aot  •  Af} 

Therefore 

All  =  A)  ■  Ai  =  [-(sin  G'jej  +  cosiGMeij  •  [-(sin  0')ei  +  (cos  0')e2l  =  ! 
Ai2  =  A21  =  .A;  •  A2  =  [-(sin  G’)ei  +  (cos  0')e2l  •  =  0 


or 


A22  =  A2  •  A2  =  63  ■  63  =  1 


Moreover,  we  have 


*  Au[3)  — 


0 


A‘^^ A  =  6"y  =>  A“t^  =  ( Au[ir ' 

Hence. 


A“t^  = 


1  0 
0  1 


1  o| 

[0  IJ 


(35.9) 


(35.10) 


(35.U.a) 


(35.1 l,b) 


(35.12) 


(35.13) 


The  conjugate  base  vectors  of  the  surface  are  civen  bv 
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Thus, 


Ai  =  A'^Ai  -f- A*2A2  =  Ai  =60 


A^  =  A\  -t-  A^^A2  =  At  =  63  =  6,, 


The  unit  normal  to  the  surface  follows  from  (35.14) 


(35.14) 


Ai  X  A2 


q  X  /\2  I 


{[-(sin0*)ei  +  (cosO'leil  x  63} 


A 1  X  A " 


Ql  ai 

-(sin  -^ACi  X  63)  (COS  -^)(e2  x  63)) 


I  Ai  X  Ai 


ai  91 

-(cos  -gj/Ci  -f-  (sin  -^)e2j 


=  (cos  1^)6]  -H  isin  |xie2  = 

We  note  that  A3  could  have  been  obtained  from  vector  product  of  69  and  e^.  However,  to  illus¬ 
trate  the  general  procedure  we  did  not  make  use  of  eg  and  e,,.  The  Christoffel  symbols  of  the  tirst 
and  second  kind  follow  from  (35.1 1) 


[aM  =  (a'^p)  =0 


(35.16) 


and  coefficients  of  the  second  fundamental  form  of  the  surface  are  civen  bv 


BaP  =  -^a.p  •  .At  =  -  A^  •  A3,a 


nence. 


BASE 
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^11  -  Al  l  ■  At  -  [-{sin  +  (cos  -^)C2l.i  ■  [(cos  ■^)ci  +  (sin  ■^)C2] 

=  [-{cos  •|j)ei  -  (sin  ■|y)C2]  ‘  [(cos  ■|y)ci  +  (sin  -Ij)®!)  y 

Ql  al 

Bi2  =  A2.1  ■  A3  =  (esXi  •  [(cos  |j)ei  +  (sin  p-)®:]  =  0 

B21  —  A!,2  ■  A3  =  [—(sin  "p)®!  *^cos  "p®!.:  ■  [cos  ("p)®!  (sin  -p)e2]  — 

B22  =  A:.2  •  At  =  (eT),2  ■  [(cos  p)e]  +  (sin  p)®:)  =  (^ 

Therefore 


We  also  have 


(Ba0) 


oi 


0 


[-  1/r  0 

[ « 


(35.17) 


B«f3  =  A«^.43 

Hence. 

B‘2=  A>'B2i  -  A'-B22  =  0 

B“i  =  ,A'*  Bi  1  -r  A — Bt;  =  0 

B22  =  A-'B,2^  A“B22  =  0 
or 


0! 

"J 


35.i^i 


N'exi.  '.'.e  obtain  the  vanous  kincmancai  uuantitics  associated  with  micro  anu  macro  continua  tor 
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the  case  of  initially  cylindrical  composite  laminates.  From  (33.6)  and  (35.8)  it  follows  that 

0R  ft*  ft* 

Gi  =  =  -  (sin-^)ei  -t-  (cos  ■^)e2  =  Cq 

G2=|^  =  e3  =  e,  (35.19) 

G3  =  JP"  =  (cos  +  (sin  p-)e2  =  Cr 

From  (35.19)  we  obtain 


Gii  G)  •  G]  —  [  'iin-^}ei  -i-  (cos  -^)e2]  '  +  (cos  -^)e2]  =  1 


^12  -  G];  =  (ii  ■  G2  =  l-(sin-|j)ei  +  (cos  •  £3  =  0 


Gi3  -  G31  -  Gi  •  (J3  -  [-(sin-|j)ei  -1-  (cos  -^)e2J '  [(cos  -^)ei  +  (sin-^)e2]  =  0 


01 


01 


-:„0‘ 


G22  =  G2  •  G2  =  63  •  63  =  1 


G23  =  G32  =  Gi  •  (^3  =  03  •  [(cos  ^)e]  +  (sin  -|y;e2]  =0 


G33  -  (;3  •  (Jt  =  [(cos  -^yCi  4-  (sin  ■  [(cos  -r  (sin  =  i 


Hence 


(Gij)  = 


1  0  U 
0  I  U 
0  0  1 


(35.20) 


We  aiso  have 
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G1/2  =  (Gi  xG2)  ■  G3 


Ql  q1  0l  Ql 

=  { [-(sin  p-)  ei  +  (cos  -|j)  eiJ  x  €3 )  ■  [(cos  p-)  ei  +  (sin  p-;  e:) 


=  {[-(sin  +  (cos  |j)eil  •  ((cos  -|^)ei  +  (sin  |j)e2]  = 


(35.21) 


Moreover,  from  (33.9),  (35.7)  and  (35.18)  we  have 


Gf  -  11^  -  [-(sin  |j)e,  +  (cos  |j)e2]  - 


.  b?' 

(.2  =  -^  =  e3  =  cv 


i35.22) 


(n*  =  =  I  (cos  w')e|  -r  (sinGMc'*]  = 

C/C  OL,  '  " 


Also,  from  (33.10),  (33.1 1)  and  (35.18)  we  obtain 


V^=H.a  =  5V, 


V‘,  =  i  -:(-  =  1  +  ^  =  iZb 

'  ■  iP'  r  r 


v'*-.  =  v-1  =  0 


;vv;j  =  (u(^)=  !  ()■ 


i  (r+C)/r  0 


35.23) 


v’  =  D  dot! v',)  =  detiVvi)  =  U-  = 


(35.24) 
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Making  use  of  (35.22)  we  obtain 


Gn  =  G*  ■  G  *  =  (  )^[-(sin  0^)ei  (cos  6^)62]  •  [-(sin  0^)ei  -1-  (cos  0')e2J  = 

01*2  =  G2*i  =  Gi*  ■  Gt  =  (  )[-(sin  0’)ei  -1-  (cos  0^)62]  •  63  =  0 

GTs  =  G3*i  =  Gf  •  G3*  =  ( — )[-(sin  0‘)ei  +  (cos  0')e2j  •  [-(cos  0')ei  +  (sin  0')e2]  =0 

G22  =  G2  ■  G2  =  63  •  63  =  1 

G2*3  =  G3*2  =  Go  ■  G3*  =  63  •  [(cos  0')ei  -I-  (sin  0')e2j  =  0 
G3’3  =  G3'  •  (J3*  =  ((cos  0')ei  -r  (sin  0')e2J  •  [(cos  0')ei  -f-  (sin  0')e2j  =  1 

Hence, 


it  then  follows  that 


I  (l+(;/03)2  0  0 
!  0  10 
0  0  1 


N 

(l+C/r)^  0  0 

0  1  0 
0  0  1 


(35.25) 


|det(G*))'^  =  (-^^)  = 


r+C 


(35.26) 


By  (35.21)  and  (35.26)  we  have 


I±i 

r 


=  V  =  u 


(35.27) 


which  conrirms  (35.24).  In  view  of  (35.S)  and  (35.27)  formulae  (33.14)  and  (33.15)  reuuce  to 


I  —  1 

»  —  V 


d:  = 


,1  + 

r  ' 


1 35.2s. a) 


—  j 

•  -  ^  -J 


V' 


r 


'35.2S.b, 
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tCv3  =  ( 1  + 

(35.28.0 

be  specified  by  a  constitutive  relation  directly 

(35.28.d) 

=  ^al  =  /’J  ( 1  -h  -^)T*“A/‘^dC  =  ( 1  +  7-)^’“’  CdC 

(35.28.e) 

=  S“2  =  I'J  ( 1  +  -^)'C*«'^/^^dC  =  1 

(35.28.f) 

^0  r 

(35.28.g) 

s^*  =  tj  or  S^  =  () 

(35.28.h) 

kl=r(l  +  l)V31dC  .  k^=  f’'(l  +^)T*3‘dC 

'  0  r  ^  0  r 

(35.28.i) 

k^  =  /\l  +  -^)T*33dC 

(35.28.j) 

V^  =  r  (1  +  — -  (1  -1-  — ]dC 

Jo  r  r  r  • 

(35.28.k) 

U  is  interesting  to  observe  that  when  tne  radius  of  the  cylindrical  laminate  becomes  large  ii.e., 

when  the  cylindrical  sunace  approaches  a  Hat  surt'ace)  the  value  of  becomes  small  and  may 

r 

be  neglected  in  comparison  to  unity  (ideally  approaches  zero)  and  the  vanous  expression 
obtained  in  this  section  will  reduce  to  those  obtained  for  an  initially  t1at  coinnostc  laminate. 

The  relative  kinematical  measures  Y,j,  y  and  lA'j  are  now  given  by 


=  4r(u,,  ,  -t-  u,  ,) 

(35.29) 

y.  =  0,  iHii 

(35.30) 
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(35.31) 

where  a  vertical  bar  ( I )  denotes  covariant  differentiation  with  respect  to  coordinates 
9*  (i  =  1,2,3)  as  specified  by  (35.5).  Moreover,  equations  of  motion  are  given  by 

Vii  +  Pobj  =  Po(aj  +  y‘Pj)  (35.32) 

s/ii  +  (Poc,  -  k.)  =  PoCy'ttj  +  y^Pj)  (35.33) 

where  ail  components  in  the  above  are  referred  to  coordinates  6‘  (i  =  1,2,3). 

For  convenience  and  systematic  reduction  of  various  results  of  this  section  we  adopted  the 
coordinate  system  (35.5).  However,  most  of  the  available  results  in  continuum  mechanics 
regarding  cylindrical  bodies  are  in  terms  of  the  cylindrical  coordinates  r.6,z.  In  order  to  wnte 
the  relevant  results  of  this  section  in  terms  of  r,6,z  we  consider  the  representation  (35.7)  and 
adopt  a  system  of  cylindrical  coordinates  r.9,z  such  that 


el  =  9  ,  92  =  z  ,  9^  =  r 


(35.34) 


From  (35.7)i  and  (35.34)  it  follows 


H I  =  req  ,  Gt  =  e,  ,  G?  =  e. 


;  35.35) 


r 

ir2 

0 

0 

l/r2 

f) 

0 

=  >  0 

1 

0 

,  ^G'J)  = 

0 

I 

0 

i  0 

0 

1 

* 

[0 

0 

1 

G'/2  =  r 


Moreover,  from  ( 35.7)^  we  obtain 


(35.36) 


(35.37) 


G’^'r-f-CjfQ  ,  (^2  =  0/  ,  G3  =  e. 


35.3S) 
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(r-K)"^ 

0 

0 

l/(r-hC)2 

0 

0 

0 

1 

0 

,  (G’iJ)  =  0 

1 

0 

0 

0 

0 

0 

1 

J 

G-i/2  =  (r-hO 

From  (33.13),  (35.37)  and  (35.40)  it  follows 


(35.39) 

(35.40) 


V  =  ^  =  (.^)i/2  =  iK  =  a  +  -^)  (35.41 ) 

as  before.  In  order  to  calculate  expresisons  involving  covariant  differentiation  we  need  to  calcu¬ 
late  the  Christoffel  symbols  of  the  first  and  second  kind.  Chrisioffel  symbols  of  the  first  kind  are 
given  by 


['jk)  =  y  (gjk.i  ^  gki.j  -  gii.k)  (35.42) 

The  only  non-vanishing  Christoffel  symbols  of  the  first  kind  are 

(311|  =  r  ,  [13I]  =  r  ,  [ll3]  =  -r  (35.43) 

Christoffel  symbols  of  the  second  kind  are  given  by 

I,  j)  =  g^'^lijm)  (35.44) 

From  (35.43)  and  (35.44)  the  only  non- vanishing  Christoffel  symbols  of  the  second  kind  are 


!.M=-r  .  I,'3l  =  |  .  =  <35.45) 

The  physical  components  of  the  displacement  vector  u  and  the  director  displacement  5  are  given 

by 
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ui  =  =  (gn)‘'^u^  =  ue 

U2  =  (g22r'^U2  =  (g22)^^u2  = 

^3  =  (g33r'^U3  =  (g33)'^u3  =  Ur 

5i  =  (gur'^^Si  =  (gii)’^5’  =  5e 

^  =  <g22j~*^52  =  (g22)'^5^  = 

^3  =  <g33J~''^"53  =  (g33)'^S2  =  5r 
The  physical  components  of  y,j  are 


_  1  3ue  Uf 


fzz  ^ 


3ui, 

dz 


fn  ~ 


9Ur 

or 


_  1  .9ue  .  1  9u, 

'^-j^ur'Tuu'^ 


Yor  =  ( 


due  .  1  9Ur  ,  Ur 


or 


TUU'^~  r 


fn 


=  ^( 


dUr  9u,, 


dz 


dr 


-) 


and  the  physical  components  of  Yi  are 


Yo  =  o,,  1- 


X 

r 


9ur  _  Ue 
o8  r 


Y/  =  0,. 


(35.46) 


(35.47) 


(35.48) 


(35.49 1 


Also. 


Yr  =  0.  + 


du, 

7IF 


pnysical  components  of  IV;,  are  given  ny 
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nr  _  1  ^50  Or 


^  _a5r 


or  -  or  -  1 


_  dSe  00  rt-  _  ’- 

- r  ’  ^e-T-^'T 


or  -  -r  - 

or  '  '^-  oz 

Next,  we  note  that  the  physical  components  of  the  stress  tensor  and  stress  couple  tensor  may  be 


wntten  as 


t0e  =  r^''  =  -jV  Til 


T  —  ♦*.4,  —  “T  -  - 
1,7  —  y  —  v^‘> 


Trr  =  =  X,3 


T‘,v  -  -  Y  ~  ‘  - p 


,  _  _  1  j 

■rJ  -  "  -  Y 


T  —  ‘^4,3  —  r.,,  -r  —  1-32  —  Tj. 

•  /j  —  .  —  t.23  .  ^r/.  “  '•  ^^2 


(35.51) 
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S09  =  =  -jV  sn 

$22  =  =  S22 

=  s33  =  S33 

(35.52) 

sez  =  rsi2=  lsi2  ,  s^  =  rs2i  =  ls2i 

ser  =  rsi3  = -L  ,  Sje  =  rs3i  = -p  S31 


Vj  =  = 

S23  *  = 

S32 

.Moreover,  the  physical  components  of  b,  c  and  k  are  given  by 

b9  =  rb'  =  ybi  , 

II 

O' 

II 

br  =  b^  =  63 

(35.53) 

ce  =  rc!  =  lc,  . 

,  Cz  =  c-  =  C2  , 

Cr  =  C^  =  C3 

(35.54) 

Icq  =  rk'  =  —  k) 
r 

k,  =  k‘  =  k2  , 

kr  =  k^  =  k3 

(35.55) 

.-\iso.  from  (25.46)  and  (35.47)  we  have 

1 

=  -'(x'  =  Y  tti  , 

ii,  =  (X‘  =  U2  . 

iir  =  a'  =  ax 

i.35.56i 

.ind 

5e  =  r5’ := -j- [3,  , 

-  b/  -  13'  =  13:  . 

5r=ii-  =  133 

(35.57, 

where  a  superposed  dot  denotes  panial  differentiation  with  respect  to  time.  With  the  help  01 
35.51  i  to  '  35. 5-)  we  are  ahie  to  reduce  the  equations  of  motion  i  35.32)  and  (35.33'  to 
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and 


d'^rr  ,1  -  Tee 

~3r  — f — 


po^  ~  PoC'Jr  ■*■  y^5f) 


. 

~dr" 


I  3X09 
r  dz 


0 

■*■  y  xgj  +  pobe  =  Po(u0  +  y'5e) 


(35.58) 


~3r 


3x,e 

“dT 


3X7z 

dz 


j.  ■*■  Po^z  —  po(iJz  +  y *87) 


3SrT  , 

1  3s^ 

3Sr7. 

“ST" 

dz 

3seT  ^ 

1  3see 

r  a& 

az 

dSzj 

^  1  ^Sze 

_  dS.z 

dr 

r  d6 

C'Z 

■7 - +  (Po<-‘r  -  k,)  =  poCy'Uf  +  y-Or) 


(35.59) 


<Po<-'/  -  kz)  =  Po(y'u7,  +  y-Sz) 


where  in  obtaining  (35.58)  and  (35.59)  we  have  also  made  use  of  the  e.xpression  for  covariant 
differentiation  of  a  second  order  tensor. 
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36.  Comparison  with  the  available  theories 

The  use  of  advanced  composite  materials  in  aerospace  and  other  related  industries  is 
rapidly  increasing.  This  is  due  to  significant  advantages  offered  by  composite  materials  in  terms 
of  efficiency  and  cost.  A  widespread  application  of  composite  materials  requires  a  detailed  and 
reliable  knowledge  of  their  physical  properties  and  their  behavior  under  the  applied  loads.  One 
of  the  important  subjects  in  this  field  is  the  development  of  a  theoretically  sound  generalized 
continuum  model  for  composite  materials  in  general  and  for  composite  laminates  in  panicular. 
There  are  a  number  of  different  theories  that  attempt  to  model  the  behavior  of  composite  1am- 
intes.  These  theories  make  use  of  a  variety  of  approaches  from  analytical  to  numerical  and  from 
discrete  modeling  to  continuum  modeling.  It  is  the  purpose  of  this  section  to  present  a  com¬ 
parison  between  the  theorv'  developed  in  the  course  of  this  research  project  with  the  available 
continuum  theories.  To  this  end  we  first  recall  the  main  features  of  the  present  theory  and  then 
we  proceed  with  a  rather  detailed  comparison. 

We  record  below  the  main  features  of  the  present  continuum  theory  which  w  ill  be  referred 
to  as  Cosserat  composite  theory',” 

a)  It  accounts  for  the  effect  of  micro- structure. 

In  the  present  theory'  the  motion  of  each  material  point  P  of  the  composite  lam.inate  is  deter¬ 
mined  by  two  vector  functions  of  position  and  time 

r  =  r(0',t)  ,  d  =  d(9'.t)  ,  i=  1,2,3  (36.1) 

where  r  is  the  position  vector  of  the  matenal  point  P  and  d.  called  a  director,  is  a  deformable 
vector  function  assigned  at  each  matenal  point  P  of  the  composite  representing  the  effect  ot 
micro-structure  in  the  continuum.  In  other  words,  in  the  present  theory  a  matenal  point  (pani¬ 
cle).  in  addition  to  its  mass,  is  endowed  with  a  director  (structuring).  The  kinematics  and  field 
quantities  associated  with  the  micro- structure  are  determined  by  d  and  its  space  and  time 
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derivatives  and  through  relevant  field  quantities  associated  with  the  director  d. 

b)  It  accounts  for  the  effect  of  geometric  nonlinearity. 

The  vector  functions  r  and  d  in  (36.1)  which  determine  the  motion  of  the  composite  lam¬ 
inate  represent  finite  quantities  and  are  not  restricted  by  any  explicit  or  implied  smallness 
assumptions.  The  complete  theory  presented  in  the  course  of  this  investigation  has  been 
developed  totally  in  the  context  of  the  nonlinear  theory. 

c)  I:  accounts  for  the  effect  of  matenal  nonlinearity. 

The  development  of  the  constitutive  relations  in  the  present  theory  has  been  carried  out  in 
the  context  of  nonlinear  theo-y.  The  same  is  true  for  the  development  of  the  constraint  theory  of 
composite  laminates,  ’  should  also  be  mentioned  that  although  we  have  confined  our  attention 
to  elastic  composite  laminates,  theory  is  not  restricted  to  only  elastic  materials  and  other  types  of 
materials  (viscoelastic,  plastic,  etc.)  can  be  treated  as  well. 

dl  It  accounts  for  the  effect  of  curvature. 

The  present  theorv'  has  been  developed  w  ith  no  restnetion  olacea  on  the  geometrv’  of  com¬ 
posite  laminates.  Hence,  any  type  of  initially  cur\-ed  composite  laminate  may  be  treated  by  the 
Cosserat  composite  theory.  The  specific  cases  of  composite  laminates  such  as  laminated  compo¬ 
site  piates,  laminated  composite  cylindrical  shells,  etc.,  are  obtained  as  special  cases  of  the 
present  theory  without  any  prior  assumptions. 

ei  It  accounts  for  the  effect  of  interlaminar  stresses. 

In  the  present  theory  the  intelaminar  stresses  are  incorporated  into  the  formulation  of  il'.e 
;neory  m  a  natural  and  consistent  manner  and  without  any  ad  hoc  assumotions.  The  tiiree  com¬ 
ponents  of  the  interlaminar  stress  vector  li.e.,  one  normai  component  and  two  tangential  or  shear 
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components)  can  be  extracted  from  me  theory.  This  makes  the  theory  applicable  to  problems 
involving  delamination  and  edge  effects  in  composite  laminates  both  of  which  are  considered 
extremely  important. 

f)  It  has  a  continuum  character 

I 

i 

The  Cosserat  composite  theory  possesses  a  character  similar  to  that  of  the  classical  three- 
dimensional  continuum  mechanics.  In  panicular  the  theory  is  represented  by  a  set  of  conserva¬ 
tion  iaws  which  are  expressed  in  a  coordinate-free  notation.  Consequently  the  form  of  the  con¬ 
servation  laws  are  not  changed  unaer  a  transformation  of  the  coordinate  system.  .\one  of  the 
available  theories  have  been  shown  to  exhibit  this  characteristic.  From  the  conservation  iaws,  in 
a  systematic  manner  similar  to  classical  continuum  mechanics,  we  can  obtain  a  set  of  basic  held 
equations  (local  forms  of  equations  of  motion).  The  stress  vector  and  stress  couple  vector  in  this 
theor.’  exhibit  similar  characteristics  to  the  stress  vector  in  the  classical  continuum  mechanics. 

The  symmetry  of  the  composite  stress  tensor  does  not  hold  as  expected  due  to  the  presence  of 
other  field  quantities.  In  the  absence  of  the  micro-structure  when  the  composite  laminate  is 
reduced  to  a  classical  continuum  body  (i.e.,  d  =  0)  the  conserv'ation  laws  and  their  local  forms 
.ire  reduced  systematically  to  those  of  the  classical  continuum  mechanics  and  the  symmeny  pro- 
peny  of  the  stress  tensor  is  recovered  automatically.  The  bounaary  conditions  in  the  present 
theory'  are  concise  mathematically  and  are  also  clear  from  a  physical  point  of  view  . 

gj  It  is  applicable  to  both  static  and  dynamic  problems. 

Practically  ail  continuum  theories  developed  for  composite  laminates  are  eventually  formu¬ 
lated  in  terms  of  displacemients  and  aimed  towards  dynamic  problems.  Hence  these  theones  are 
not  normally  capable  of  treating  static  problems  or  those  with  stress  or  mixed  boundary  condi¬ 
tions.  TTie  Cosserat  composite  theory  does  not  suffer  from  such  deficiency  and  without  any 
funher  reformulation  is  capable  of  handling  both  static  and  dynamic  problems. 
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h)  It  can  be  generalized  to  treat  problems  with  more  than  two  constituents. 

The  Cosserat  composite  theory  developed  in  the  course  of  this  study  is,  like  all  other  con¬ 
tinuum  comjX)site  theories,  applicable  to  a  composite  laminate  with  two  constituents  (bi- 
laminates).  However,  due  to  choice  of  the  configuration  chosen  for  the  representative  element 
(micro-structure)  and  due  to  the  coordinate  systems  adapted,  this  theory  can  be  further  general¬ 
ized  to  include  composite  laminates  with  any  number  of  constituents.  The  extension  from  bi¬ 
laminate  constituents  to  multi-laminate  constituents  in  the  available  theories  is  not  present  in 
most  available  theories  and  for  those  that  this  generalization  is  possible,  the  resulting  theories 
become  extremely  complicated. 

Considering  items  (a)  through  (h)  above,  as  a  general  assessment,  it  should  be  clear  that 
there  exists  no  single  theory  possessing  the  above  characteristics  collectively  and  at  the  same 
time  having  the  relative  simplicity  of  the  Cosserat  composite  theory.  Even  in  the  cases  where 
the  available  theories  share  some  (but  not  all)  of  the  above  propenies  the  Cosserat  composite 
theory  offers  more  generality  and  perhaps  less  complexity. 

We  now  proceed  to  compare  the  Cosserat  composite  theory  with  some  of  the  available 
theones.  The  conservation  laws  for  composite  laminates  were  summanzed  in  section  (17)  and 
various  field  quantities  were  defined  in  that  section.  .Also  the  complete  theory'  of  elastic  compo¬ 
site  laminates  was  recapitulated  in  section  (23).  In  what  follows  we  will  frequently  refer  to  these 
sections. 

I)  One  of  the  earliest  and  rather  elegant  effons  in  the  field  of  composite  materials  is  due  to 
Sun.  .Achenbach  and  Herrmann  in  which  they  developed  a  linear  continuum  theory  for  a  compo¬ 
site  laminate.  In  their  work,  instead  of  introducing  a  repre.sentative  homogeneous  medium  by 
means  of  "effective  moduli."  .'eprcsentative  elastic  moduli  were  used  for  the  matnx.  and  the  elas¬ 
tic  and  geometnc  propenies  ot  the  reinforcing  elements  were  combined  into  effective  stitfnesses. 
With  the  aid  of  cenain  assumptions  rc'cardina  the  defonnation  of  the  reintorcing  elements  and 
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by  employing  a  smooth  operation,  approximate  kinetic  and  strain  energy  densities  tor  the  com¬ 
posite  laminate  were  obtained.  By  a  subsequent  application  of  Hamilton’s  principle  to  the 
expression  for  total  energy  of  the  composite,  the  displacement  equations  of  motion  were  then 
obtained.  In  this  effective  stiffness  theory  the  displacements  of  the  reinforcing  layers  and  the 
matrix  layers  were  defined  as  a  two  term  expansion  about  the  mid-planes  of  the  layers.  The 
basic  premise  of  effective  stiffness  theory  is  that  a  smoothing  operation  may  be  employed  to 
replace  the  discrete  layers  of  the  laminate  by  a  continuous  medium.  In  other  words  the  smooth¬ 
ing  operation  is  a  special  assumption  introduced  so  that  a  sum  of  discrete  points  can  be  replaced 
(mathematically)  by  an  integral.  This  theory'  later  was  used  to  study  the  harmonic  wave  propa¬ 
gations  in  a  laminated  composite. 

We  now  make  a  comparison  between  the  effective  stiffness  theory  of  Sun.  Achenbach  and 
Herrmann  with  the  Cosserat  composite  theory  (CCT). 

1)  The  Cosserat  composite  theory  is  a  nonlinear  theory  whereas  the  effective  stiffness 
theory  is  linear. 

2)  The  Cosserat  composite  theory  is  a  general  theory  applicable  to  any  type  of  curvature 
while  the  effective  stiffness  theory  is  a  special  theory'  which  is  applicable  to  a  tiat  composite 
laminate  only. 

3)  The  Cosserat  composite  theory  is  characterized  by  a  set  of  well  defined  and  coherent 
conservation  laws  (global-field  equations)  which  are  coordinate  free  and  hence  invanant  under 
the  transformation  of  the  coordinate  systemts).  In  contrast,  the  effective  stiffness  theory  does 
not  olfer  any  conserv-ation  laws  at  all. 

4)  The  Cosserat  composite  theory  offers  a  formulation  which  is  analogous  to  those  of  the 
classical  continuum  mechanics.  In  panicular  the  local  form  of  the  basic  field  equations  (equa¬ 
tions  of  motion)  are  derived  systematically  from  the  conseiwation  laws.  The  resulting  equations 
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are  in  terms  of  various  field  quantities  (i.e.,  stress,  stress  couple,  etc.)  which  can  easily  be 
reduced  to  a  system  of  displacement  equations  of  motion.  On  the  other  hand,  the  tff'e^iive  stiff¬ 
ness  theory  offers  a  formulation  which  is  based  on  ad  hoc  assumptions  and  it  entirely  in  terms  of 
the  displacement  variables  and  hence  is  only  capable  of  treating  a  special  class  of  problems. 

5)  Because  of  generality  of  its  formulation  the  Cosserat  composite  theory  is  capable  of 
mealing  problems  with  stress,  displacement  or  mixed  boundary  conditions.  However,  the  appli¬ 
cability  of  the  effective  stiffness  theory  seems  to  be  limiteo  to  problems  involving  displacement 
boundary  conditions  only. 
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6)  The  Cosserat  composite  theory  is  capable  of  determining  stresses,  stress  couples  and  the 
interlaminar  stresses  while  in  the  effective  stiffness  theory  the  interlaminar  stresses  are  not 
present. 

7)  The  process  of  extension  from  the  representative  element  to  a  continuum  model  in  the 
two  theories  may  be  considered  to  have  some  conceptual  or  physical  similarities,  but  are  not  the 
same.  However,  from  a  mathematical  point  of  view  in  the  effective  stiffness  theoiy  the  smooth¬ 
ing  process  is  a  special  assumption  whereas  in  the  Cosserat  co.mposue  iheorv'  the  same  type  ol 
results  is  obtained  througn  a  limiting  process. 

II)  The  basic  concepts  involved  in  the  derivation  of  the  linear  elfective  stillness  theory 
were  used  by  Grot  and  .Achenbach  to  derive  an  approximate  nonlinear  theor%’  to  desenbe  the 
mechanical  behavior  of  a  laminated  composite  consisting  of  altemaung  layers  of  homogeneous 
materials.  The  theory  is  based  on  two-term  expansions  of  the  motion  across  the  thicknesses  ol 
the  undeformed  layers.  'Hie  system  of  governing  equations  for  the  homogeneous  continuum 
model  of  the  laminated  medium  are  denved  in  two  stages.  The  first  stage  of  the  derivation 
involved  certain  assumptions  and  operations  within  the  discrete  system  of  layers,  in  particular,  it 
was  assumed  that  the  motions  of  the  individual  layers  can  be  described  by  two-term  expansions 
.n  me  local  coorainate  normal  to  the  layenne  of  the  iindefotmeo  body.  Tlie  kinematic  variables 
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that  were  introduced  in  the  expansions  were  defined  at  the  nrudplanes  of  the  layers  only.  The 
local  equations  of  linear  momentum  and  moment  of  momentum  for  the  individual  layers  were 
obtained  by  integration  of  the  classical  three-dimensional  continuum  mechanics  across  the  thick¬ 
ness  of  the  undeformed  layers.  Next,  the  definitions  of  average  stress  and  couple-stress  were 
introduced  which  were  defined  in  discrete  planes  only.  The  stresses  and  couple  stresses  were 
then  related  to  the  relevant  kinematical  quantities  through  stress  potentials  which  were  obtained 
by  integrating  the  local  stress  potentials  across  the  undeformed  thicknesses.  In  the  second  stage 
of  the  derivation  a  transition  was  made  from  the  system  of  discrete  layers  to  the  homogeneous 
continuum  model.  The  transition  accomplished  by  essentially  following  the  same  line  of  argu¬ 
ment  used  in  the  linear  erfective  stiffness  theory. 

We  now  make  a  companson  between  Grot  and  Achenbach  theory  (GA  theory')  with  the 
Cosserat  composite  theory. 

1)  Both  theories  are  nonlinear  and  hence  are  applicable  to  large  deformations. 

2)  The  Cosserat  composite  theory  is  a  general  theory  applicable  to  any  type  of  curvature 
while  GA  theory  is  applicable  to  fim  composite  laminates  only. 

3)  The  Cosserat  composite  theory  is  based  on  a  set  of  well  denned  and  coherent  global 
pnncipies  (conservation  laws)  which  are  coordinate  free  and  hence  are  invariant  under  coordi¬ 
nate  transformations.  In  contrast.  GA  theory  does  not  offer  a  set  of  consers-ation  laws  at  all. 

4)  TTie  Cosserat  composite  theory  offers  a  systematic  formulation  similar  to  those  of  the 
classical  continuum  mechanics.  The  G.\  theory  is  also  systematic  (to  some  degree);  but  it  is 
based  on  ad  hoc  assumptions. 

5 )  The  Co,.  ..erat  composite  theory’  is  tormuiated  in  terms  of  cenerai  convecied  cuiwiiinear 
coordinates  in  tne  present  conriguration  resulting  ;n  simnler  expressions.  The  transformation 
'ctween  tne  present  (detormcui  ana  the  reference  tunuefomteai  conricurations  is  clear  ana  weii 
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defined.  On  the  other  hand,  the  GA  theory  is  formulated  in  terms  of  field  quantities  defined  in 
the  reference  (undeformed)  configuration.  The  counterparts  of  the  equations  in  the  present 
configuration  are  not  given.  It  should  be  mentioned  that  in  the  case  of  large  deformations  this 
latter  formulation  becomes  important. 

6)  The  Cosserat  composite  theory  is  applicable  to  laminates  with  variable  mass  densities 
(i.e.,  the  mass  densities  of  the  constituents  may  be  variable).  On  the  other  hand,  in  the  GA 
theory  the  mass  densities  of  the  constituents  is  assumed  to  be  constant. 

7)  The  Cosserat  composite  theory  rigorously  establishes  the  existence  of  interlaminar 
stresses  and  accounts  for  their  effect  in  the  global  and  local  field  equations.  In  the  GA  theory, 
although  these  stresses  appear  in  the  equation  for  linear  momentum  but  it  is  the  consequence  of  a 
special  assumption.  The  GA  theory  did  not  refer  to  these  stresses  as  interlaminar  stresses  and 
did  not  elaborate  on  the  nature  of  these  stresses.  Nevertheless,  the  assumptions  that  led  to  the 
existence  of  these  stresses  in  the  linear  momentum  equation,  resulted  in  two  equations,  one  for 
each  of  the  constituents.  These  equations  involve  both  the  average  stress  couples  across  the 
thickness  of  the  layers  and  stresses  (ordinary  three-dimensional)  within  each  layer.  This  does 
not  seem  to  be  consistent. 

S)  A  remark  similar  to  that  in  (1-7)  above  also  holds  in  this  case. 

The  effective  stiffness  theory  was  later  generalized,  in  the  context  of  linear  theory,  where 
the  displacement  components  were  expressed  in  terms  of  Legendre  polynomials.  In  this  work 
■Aboudi  imposed  the  condition  of  continuity  of  displacement  and  stress  components  between  the 
adjacent  layers  where  all  the  continuity  conditions  were  .satisfied  pointwise  throughout  the  com¬ 
mon  boundary  of  the  adjacent  layers.  .Aboudi’s  formulation  is  more  complicated  than  that  ot 
.\chenbach  et  al.  and  hence  less  manageable.  Aboudi  has  expanded  on  his  theorx’  and  has  been 
able  to  apply  the  theory  to  noneiastic  laminated  composites.  Becau.se  of  similarities  of  the  main 
features  of  Aboudi’s  work  ano  effective  stiffness  theor.-  of  .Achenbach.  the  same  comments  ( 1 
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through  7)  are  applicable  to  Aboudi’s  work  too. 

HI)  Very  recently,  Blinowski  has  recognized  the  need  to  formulate  a  continuum  theory  for 
composite  laminates  with  curved  layers.  He  has  also  commented  on  the  lack  of  clarity  about 
boundary  conditions  in  the  literature.  Indeed,  except  for  Blinowski’s  paper,  the  authors  were  not 
able  to  name  any  references  dealing  with  curved  geometry. 

In  his  theory,  Blinowski  considered  a  nonlinear  continuous  mathematical  model  of  a 
discrete  laminated  composite  composed  of  a  family  of  initially  curved  and  parallel  surfaces. 
.Making  use  of  a  set  of  curvilinear  coordinates  he  defined  the  kinematical  variables  and 
developed  the  various  kinematical  relations.  .\'ext,  from  the  assumption  that  the  elastic  energy  is 
a  function  of  macro-deformation  and  the  curvature  variation  of  a  family  of  initially  parallel  sur¬ 
faces  he  obtained  a  quasi-static  equation  of  equiiibrium.  These  equations  which  involve  resul¬ 
tant  forces  and  resultant  moments  do  not  contain  any  dynamic  terms.  Blinowski  stated  that  the 
set  of  equations  derived  describe  a  particular  case  of  the  Cosserat  medium. 

We  now  proceed  to  compare  the  Cosserat  composite  theory  with  the  theory'  developed  by 
Blinowski. 

aj  In  the  Cosserat  composite  theory  the  kinematical  measures  are  clear  and  concise;  in  par¬ 
ticular  the  director  is  clearly  defined  to  be  a  deformable  vector  field  which  represent  the  effect  of 
micro-structure.  In  contrast,  the  kinematic  variables  in  Blinowski’s  theory  are  more  complicated 
and  the  director  is  not  clearly  defined  and  implicitly  assumed  to  be  the  normal  to  the  surface. 

b)  In  the  Cosserat  composite  theory  vanus  field  quantities  corresponding  to  the  composite 
laminate  are  concisely  defined  and  the  relations  betwen  micro-structure  field  quantites  and  those 
of  macro- structure  as  well  as  their  physical  nature  tu'e  logical  and  clear.  In  contrast,  this  clarity 
does  not  appear  in  Blinow-ski's  theory  and  the  correspondence  between  micro-  and  macro- 
structural  quantities  is  not  explained.  In  particular,  stress  vector  and  couple  stress  vector  are 
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introduced  by  special  assumptions  which  are  motivated  by  Cauchy’s  postulate  on  stress  in  classi¬ 
cal  continuum  mechanics. 

c)  In  Blinowski’s  theory  body  couple  density  is  not  defined  and  does  not  appear  in  the 
equations  of  motion.  Also  the  inenia  terms  are  absent  in  the  equations  of  motion.  In  addition, 
the  principle  of  director  momentum  does  not  exist,  and  the  role  of  the  director  is  totally  obscure. 
Although  it  is  stated  that  the  theory  is  a  special  case  of  the  Cosserat  surface  theory  of  Green  and 
Naghdi.  the  correspondence  has  not  been  shown.  In  contrast,  these  problems  in  the  Cosserat 
composite  theory  do  not  occur  and  the  correspondence  to  the  Cosserat  surface  theory  is  abso¬ 
lutely  clear. 

d)  It  should  be  emphasized  that  Blinowski’s  theory,  which  is  appropriate  for  bending,  is 
the  only  theory  that  considers  the  effect  of  the  curved  geometry. 

IV)  Recently,  a  mixture  theory  for  linear  elastodynamics  and  periodically  laminated  media 
has  been  developed  by  Murakami  et  al.  in  which  they  introduced  the  concept  of  the  director.  In 
this  theory  the  asymptotic  method  of  multiple  scales  was  used  to  construct  a  continuum  theory 
with  micro-structure  for  linear  elastodynamics  of  a  periodically  laminated  medium.  The  result¬ 
ing  theory  is  in  the  form  of  a  homogeneous  binary  mixture  tneory  of  micromorphic  materials 
with  a  common  director  onented  normai  to  the  inten'aces.  The  construction  of  the  model  was 
based  upon  the  observation  that,  along  a  direction  normai  to  the  laminae,  there  are  two  length 
scales  over  which  significant  variations  in  displacement  and  stress  profiles  occur  and  that  these 
scales  differ  by  at  least  one  order  of  magnitude  in  most  problems  of  practical  interest.  The  very' 
important  assumption  of  the  theory  is  the  periodicity  of  the  medium  under  consideration.  .\s 
pointed  out  by  the  authors,  the  analysis  may  be  valid  only  at  points  sufficiently  tar  removed 
from  the  boundaries  of  the  domain  in  which  the  solution  to  be  obtained.”  This  entails  the  tact 
;hat  the  theory  is  applicable  to  the  proolems  in  which  th-"  boundary  conditions  are  not  ot  primary 
irnporunce.  The  basic  field  equations  as  well  as  me  constitutive  relations  were  obtained  by  an 
..veraeing  operation.  The  model  contains  nine  basic  field  equations,  six  lor  the  linear  momenta 
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of  both  constituents  and  three  for  the  director  momentum.  The  constitutive  relations  are 
obtained  asymptotically  and  with  the  help  of  the  periodicity  assumption. 

We  now  proceed  to  compare  the  mixture  theory  of  Murakami  with  the  Cosserat  composite 
theory. 

1)  The  Cosserat  composite  theory  is  a  nonlinear  theory  whereas  the  mixture  theory  of 
Murakami  is  linear. 

2)  The  Cosserat  composite  theory  is  a  general  theory  applicable  to  any  type  of  curvature 
while  the  mixture  theory  of  Murakami  is  a  special  theory  which  is  applicable  to  a  flat  composite 
laminate  only. 

3)  The  Cosserat  composite  theory  offers  a  formulation  which  is  analogous  to  those  of  the 
classical  continuum  mechanics.  In  panicular.  the  Cosserat  composite  theory  is  characterized  by 
a  set  of  well  defined  global  conservation  laws  from  which  the  local  basic  field  equations  are 
obtained  systematically.  In  contrast  the  mixture  theory  of  Murakami  does  not  offer  any  global 
conservation  laws.  Hence,  no  conclusion  may  be  reached  regarding  the  character  of  various  field 
quantities  of  the  theory. 

4)  The  use  of  the  asymptotic  method  and  the  assumption  of  periodicity  places  an  imponant 
restnction  on  the  theory  and  makes  it  inadequate  in  the  vicinity  of  the  boundaries  of  the  domain 
(at  least  in  the  direction  of  layering).  Therefore  the  theory  cannot  be  applied  to  problems  in 
which  the  boundary  conditions  are  of  primary  imponance.  In  addition,  when  the  material  is  not 
penodic  li.e.,  variable  thickness  plies)  the  theory  becomes  invalid.  In  contrast,  the  Cosserat 
composite  theory  is  not  restricted  to  the  periodicity  of  the  medium  and  can  treat  problems  with 
variable  thickness  plies.  .Moreover,  any  type  of  boundarv'  condition  may  be  treated  by  the  Cus- 
serat  composite  theory. 


5)  The  conservation  of  moment  of  momentum  does  not  exist  in  the  mixmre  theory  of 
Murakami.  In  addition,  equations  of  motion  do  not  contain  terms  involving  body  force  and  body 
couple  densities.  The  term  called  "interaction  (body)  force  vector"  which  appears  in  the  linear 
momentum  equations  does  not  exhibit  the  character  of  a  body  force  density  in  the  sense  of  the 
three-dimensional  continuum  mechanics.  On  the  other  hand,  the  Cosserat  composite  theory 
offers  the  moment  of  momentum  equation  and  it  also  accounts  for  the  effect  of  body  force  and 
body  couple  in  the  continuum. 

6)  In  the  Cosserat  composite  theory  the  nature  of  the  various  field  quantities  are  quite  clear, 
both  physically  and  mathematically,  while  in  the  mixture  theory  of  Murakami  the  physical 
nature  ot  some  of  the  field  quantities  is  obscure.  In  panicular,  the  term  called  "interaction 
(body)  force  vector"  in  their  theory  does  not  have  the  character  of  the  body  force.  It  may  be 
shown  or  justified  that  this  term  is  related  to  interlaminar  stresses.  However,  this  fact  does  not 
seem  to  have  been  recognized  and  emphasized  in  the  development  of  the  theory. 

V)  Another  continuum  theory  attempting  to  describe  the  behavior  of  composite  laminates 
is  the  multi-continuum  (or  diffusing  continuum)  theory  of  Bedford  and  Stem  which  is  one  of  the 
earliest  etfons  in  this  field.  Bedford  and  Stern  developed  a  thermomechanical  theory  for  compo¬ 
site  matenals  in  which  the  composite  constituents  were  modeled  by  individual  superimposed 
continua  which  may  interact  thermally  and  mechanically.  The  main  ingredient  of  the  theory  is 
that  each  constituent  is  admitted  to  undergo  an  individual  motion.  TTie  mechanical  interaction 
between  the  individual  constituent  motions  then  provide  a  means  of  including  composite  struc¬ 
tural  effects  in  the  theory'.  Tlie  mechanical  interactions  between  the  continua  depend  on  the  con¬ 
stituents  relative  displacements.  Tliis  theory,  which  was  developed  in  the  conte.xt  of  nonlinear 
theory,  considers  each  constituent  individually  which  interact  with  other  constituents  only 
through  an  interaction  term  in  the  fonn  of  a  body  force  entenng  into  equations  of  motion  of  each 
constituent.  However,  there  is  no  field  equation  (local  or  global)  offered  for  the  composite  as  a 
whole.  Similarly,  field  quantities  such  as  resultant  stresses,  etc.,  are  not  defined  and  do  not  play 


any  roles  in  the  theory.  In  this  respect  the  theory  seems  to  lag  behind  the  effective  stiffness 
theory  and  the  mixture  theory  of  Murakami.  In  addition,  the  correspondence  between  the  field 
quantities  of  the  constituents  and  the  composite  as  a  whole  is  not  defined  and  explained  in  this 
theory.  In  general  terms,  this  theory  seems  to  place  the  emphasis  on  the  continuum  character  of 
the  individual  constituents,  while  the  composite  Cosserat  theory  and  the  theories  discussed  ear¬ 
lier  not  only  account  for  the  continuum  character  of  the  constituents  but  also  attempt  to  consider 
the  continuum  character  of  the  composite  laminate  as  a  whole. 


37.  Conclusion 


In  the  course  of  this  investigation  we  have  successfully  developed  a  coherent  continuum 
theory  which  is  represented  by  a  set  of  well  defined  conservation  laws  (global  field  equations) 
predicated  on  physical  observations.  The  theory  is  complete,  physically  sound,  and  mathemati¬ 
cally  accurate.  At  the  same  time  the  theory  enjoys  characteristics  similar  to  those  of  classical 
continuum  mechanics  and  most  of  the  techniques  available  in  the  classical  three  dimensional 
continuum  mechanics  may  directly  or  with  some  modification,  be  applied  to  the  present  theory. 
Due  to  the  use  of  Cosserat  surface  theory  in  development  of  the  present  theory  we  have 
appropnately  named  it  as  "Cosserat  composite  tHeory',  after  E.  &  F.  Cosserat.  We  have  demon¬ 
itrated  that  within  the  context  of  purely  mechanical  theory  the  Cosserat  composte  theory  exhibits 
the  following  features. 

a)  It  acconts  for  the  effect  of  micro- strctures. 

b)  It  accounts  for  the  effect  of  geometric  nonlinearity. 

c)  It  accounts  for  the  interlaminar  stresses  and  therefore  delamination  can  be  considered. 

d)  It  is  capable  of  incorporating  the  effect  of  material  nonlinearity. 

e)  It  accounts  for  the  effect  of  cur\'ature. 

f )  It  possesses  a  continuum  character. 

gj  It  is  applicable  to  both  static  and  dynamic  problems. 

In  addition,  it  is  evident  that  the  theory'  may  further  be  developea  to  account  for  the  effect  ot 
temperature.  The  theory  may  also  be  generalized  to  treat  multi-constituent  composite  laminates. 

In  view  of  the  above  discussion  it  is  clear  that  at  the  present  time  no  other  single  theor>’ 
offers  the  collective  characteristics  and  the  relative  simplicity  of  the  Cosserat  composite  theory. 
This  miUKes  the  theory  the  ideal  tool  for  treating  the  various  problems  concerning  composite  lam¬ 
inates.  A  proposal  for  funher  development  of  the  theory,  as  mentioned  in  section  1.  discusses 
future  developments  in  detail  in  phase  II  of  the  present  research. 
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A  COMPOSITE  LAMINATE  CONSISTING  OF  ALTERNATING  LAYERS  OF  TWO 

MATERIALS 
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FIGURE  4 


A  SHELL-LIKE  MICRO-STRUCTURE  (REPRESENTATIVE  ELEMENT) 


FIGURE  5 


AN  ARBITRARY  PART  OF  A  COMPOSITE  LAMINATE 


